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$EVW U DF W � : HDN VX S HU F\ FOLFLW\ LV OLQ N HG WR Z HDN VWDE LOLW\ � 7 K LV S DS HU DQ VZ HU V
D S DLU RI RS HQ T X HVWLRQ V DORQ J WK LV OLQ H� ,W LV VK RZ Q WK H H[ LVWHQ FH RI VLQ JX ODU �
FRQ WLQ X RX V X Q LWDU \ RS HU DWRU V WK DW DU H Z HDN O\ VWDE OH� DQ G DOVR RI VLQ JX ODU �FRQ �
WLQ X RX V X Q LWDU \ RS HU DWRU V WK DW DU H Z HDN O\ X Q VWDE OH� 7 K H P DLQ U HVX OW VK RZ V WK DW

HY HU \ Z HDN O\ O�VHT X HQ WLDOO\ VX S HU F\ FOLF X Q LWDU \ RS HU DWRU LV VLQ JX ODU �FRQ WLQ X RX V�
$ FRQ G LWLRQ IRU Z HDN O�VHT X HQ WLDO VX S HU F\ FOLFLW\ WR LP S O\ Z HDN VWDE LOLW\ LV JLY HQ �

�� ,QW U RGXF W LRQ

7KH SXUSRVH RI WKLV SDSHU LV WR LQYHVWLJDWH ZHDN VWDELOLW\ DQG ZHDN VXSHUF\FOLFLW\
IRU XQLWDU\ RSHUDWRUV RQ +LOEHUW VSDFHV� )LUVW LW LV DQVZHUHG D TXHVWLRQ RQ ZHDN
VWDELOLW\ IRU XQLWDU\ RSHUDWRUV� ,V HYHU\ ZHDNO\ VWDEOH XQLWDU\ RSHUDWRU DEVROXWHO\
FRQWLQXRXV" (TXLYDOHQWO\� LV HYHU\ VLQJXODU�FRQWLQXRXV XQLWDU\ RSHUDWRU ZHDNO\ XQ�
VWDEOH" ,W LV VKRZQ WKH H[LVWHQFH RI VLQJXODU�FRQWLQXRXV XQLWDU\ RSHUDWRUV WKDW DUH
�L� ZHDNO\ XQVWDEOH� DQG DOVR WKDW DUH �LL� ZHDNO\ VWDEOH �3URSRVLWLRQV ��� DQG �����
7KHQ LW LV VKRZQ ZKHQ HYHU\ ZHDNO\ VXSHUF\FOLF XQLWDU\ RSHUDWRU LV VLQJXODU�FRQ�
WLQXRXV �7KHRUHP ��� DQG 4XHVWLRQ ����� ,V HYHU\ ZHDNO\ VXSHUF\FOLF XQLWDU\ RS�
HUDWRU ZHDNO\ VWDEOH" ,W LV JLYHQ D VXrFLHQW FRQGLWLRQ IRU D ZHDNO\ O�VHTXHQWLDOO\
VXSHUF\FOLF XQLWDU\ RSHUDWRU WR EH ZHDNO\ VWDEOH �7KHRUHP �����

�� 1RW DW LRQ DQG 7 HU P LQRO RJ\

7KURXJKRXW WKLV SDSHU + ZLOO GHQRWH DQ LQpQLWH�GLPHQVLRQDO FRPSOH[ +LOEHUW
VSDFH� %\ DQ RSHUDWRU RQ + ZH PHDQ D OLQHDU ERXQGHG �L�H�� FRQWLQXRXV� WUDQVIRU�
PDWLRQ RI + LQWR LWVHOI� /HW %>+@ GHQRWH WKH %DQDFK DOJHEUD RI DOO RSHUDWRUV RQ
+� DQG OHW 7 e � %>+@ VWDQG IRU WKH DGMRLQW RI 7 � %>+@� $Q RSHUDWRU 8 � %>+@ LV
XQLWDU\ LI 88e 8e8 ,� ZKHUH , VWDQGV IRU WKH LGHQWLW\ LQ %>+@� $Q RSHUDWRU
7 � %>+@ LV ZHDNO\ VWDEOH �QRWDWLRQ� 7Q Zb� 2� LI WKH +�YDOXHG SRZHU VHTXHQFH
I7Q[JQy� FRQYHUJHV ZHDNO\ WR ]HUR IRU HYHU\ [ � +� ,Q RWKHU ZRUGV� LI

7Q[ Zb� ��

ZKLFK PHDQV WKDW K7Q[ � \L � � IRU HYHU\ [� \ � +� HTXLYDOHQWO\ �VLQFH + LV FRP�
SOH[�� K7Q[ �[L � � IRU HYHU\ [ � +� /HW

27 �\�  
>

Qy�
7Q\

EH WKH RUELW RI D YHFWRU \ � + XQGHU DQ RSHUDWRU 7 � %>+@ �L�H�� 27 �\� LV WKH VHW
I7Q\ � + � Q � 1�J� 1� GHQRWLQJ WKH QRQQHJDWLYH LQWHJHUV�� 7KH RUELW 27 �$� RI D
VHW $ v + XQGHU 7 LV OLNHZLVH GHpQHG� 27 �$�  

6
Qy�

7Q�$�  
6

\ � $27 �\�� /HW
VSDQ$ VWDQG IRU WKH OLQHDU VSDQ RI D VHW $ v +� DQG FRQVLGHU WKH SURMHFWLYH RUELW
RI D YHFWRU \ � + XQGHU DQ RSHUDWRU 7 � %>+@�

27 �VSDQI\J�  
>

Qy�
7Q�VSDQI\J�

�L�H�� 27 �VSDQI\J� LV WKH VHW Io7
Q\ � + � o � &� Q � 1�J�� /HW $

b DQG $bZ VWDQG
IRU WKH FORVXUH DQG WKH ZHDN FORVXUH RI D VHW $ v + � WKH FORVXUH RI $ LQ WKH QRUP
WRSRORJ\ DQG LQ WKH ZHDN WRSRORJ\� $ QRQ]HUR YHFWRU \ � + LV D ZHDNO\ VXSHUF\FOLF

YHFWRU IRU DQ RSHUDWRU 7 � %>+@ LI

' DW H� 2FWRE HU ��� ����� U HY LVHG � )HE U X DU \ ��� �����
���� 0DW KHPDW LFV 6 XEMHFW & ODVVLpFDW LRQ � 3 U LP DU \ ��$ ��� 6 HFRQ G DU \ ��% ���
. H\ Z RU GV� 6 LQ JX ODU �FRQ WLQ X RX V X Q LWDU \ RS HU DWRU V� Z HDN VWDE LOLW\ � Z HDN VX S HU F\ FOLFLW\ �

�
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27 �VSDQI\J�
bZ  +�

$ VHW $ v + LV ZHDNO\ VHTXHQWLDOO\ FORVHG LI HYHU\ $�YDOXHG ZHDNO\ FRQYHUJHQW
VHTXHQFH KDV LWV OLPLW LQ $� DQG WKH ZHDN VHTXHQWLDO FORVXUH $bVZ RI $ LV WKH VPDOOHVW
ZHDNO\ VHTXHQWLDOO\ FORVHG VXEVHW RI + LQFOXGLQJ $� DQG $ LV ZHDNO\ VHTXHQWLDOO\
GHQVH LI $bVZ  +� 7KH ZHDN OLPLW VHW $bOZ RI D VHW $ v + LV WKH VHW RI DOO ZHDN
OLPLWV RI ZHDNO\ FRQYHUJHQW $�YDOXHG VHTXHQFHV� DQG D VHW $ LV ZHDNO\ O�VHTXHQWLDOO\
GHQVH LI $bOZ  +� ,Q JHQHUDO WKH LQFOXVLRQV $bOZ v $bVZ v $bZ PD\ EH SURSHU�
$ QRQ]HUR YHFWRU \ � + LV D ZHDNO\ VHTXHQWLDOO\ VXSHUF\FOLF RU D ZHDNO\ O�VHTXHQWLDOO\

VXSHUF\FOLF IRU DQ RSHUDWRU 7 � %>+@ LI

27 �VSDQI\J�
bVZ  + RU 27 �VSDQI\J�

bOZ  +�

UHVSHFWLYHO\� $Q RSHUDWRU 7 � %>+@ LV ZHDNO\ VXSHUF\FOLF� RU ZHDNO\ VHTXHQWLDOO\

VXSHUF\FOLF� RU ZHDNO\ O�VHTXHQWLDOO\ VXSHUF\FOLF LI LW KDV D ZHDNO\ VXSHUF\FOLF� RU
D ZHDNO\ VHTXHQWLDOO\ VXSHUF\FOLF� RU D ZHDNO\ O�VHTXHQWLDOO\ VXSHUF\FOLF YHFWRU�
UHVSHFWLYHO\� VR WKDW �VHH� H�J�� >��� S���@� >�� S��������@�

ZHDN O�VHTXHQWLDO  � ZHDN VHTXHQWLDO  � ZHDN �
VXSHUF\FOLFLW\ VXSHUF\FOLFLW\ VXSHUF\FOLFLW\

7KXV D YHFWRU \ � + LV ZHDNO\ O�VHTXHQWLDOO\ VXSHUF\FOLF IRU DQ RSHUDWRU 7 � %>+@
�L�H�� 27 �VSDQI\J�

bOZ  +� LI DQG RQO\ LI IRU HYHU\ [ � + WKHUH H[LVWV D &�YDOXHG
VHTXHQFH IoLJLy� �WKDW GHSHQGV RQ [ DQG \� DQG FRQVLVWV RI QRQ]HUR QXPEHUV� VXFK
WKDW� IRU VRPH VXEVHTXHQFH I7Q �

JLy� RI I7
QJQy��

oL7
Q �
\ Zb� [�

:HDN O�VHTXHQWLDO VXSHUF\FOLFLW\ ZDV LQWURGXFHG >�@� LPSOLFLWO\ H[SORUHG >�@� DQG
GHWDLOHGO\ H[DPLQHG LQ >��@� IRUP ZKHUH ZH KDYH ERUURZHG WKH WHUPLQRORJ\�

,W LV ZRUWK QRWLFLQJ WKDW LI 7 KDV D ZHDNO\ VXSHUF\FOLF YHFWRU� WKHQ + LV VHSDUDEOH
�VR WKDW VHSDUDELOLW\ LV QRW DQ DVVXPSWLRQ� EXW D FRQVHTXHQFH RI F\FOLFLW\�� ,QGHHG�

WKH RUELW 27 �\� LV D FRXQWDEOH VHW� DQG VR LI LW VSDQV +� WKDW LV� LI
b
VSDQ27 �\�

cb
 b

VSDQ
6

Q7
Q\�b 

:
QI7

Q\J +� WKHQ + LV VHSDUDEOH� ,Q WKLV FDVH \ LV VDLG WR EH

D F\FOLF YHFWRU IRU 7 � DQG 7 LV D F\FOLF RSHUDWRU� ,I
b
VSDQ27 �\�

cbZ
 +� WKHQ \ LV

VDLG WR EH D ZHDNO\ F\FOLF YHFWRU IRU 7 � DQG 7 LV D ZHDNO\ F\FOLF RSHUDWRU� ,I D VHW $
LV FRQYH[� WKHQ $b $bZ �VHH� H�J�� >�� 7KHRUHP 9����@�� DQG VR F\FOLFLW\ FRLQFLGHV
ZLWK ZHDN F\FOLFLW\ DV VSDQ LV FRQYH[� 2XWFRPH� ZHDN VXSHUF\FOLFLW\ LPSOLHV ZHDN
F\FOLFLW\� ZKLFK LV HTXLYDOHQW WR �SODLQ� F\FOLFLW\� ZKLFK LPSOLHV WKDW + LV VHSDUDEOH�

�� 6LQJXO DU �& RQW LQXRXV 8QLW DU LHV DQG : HDN 6W DELO LW \

/HW y EH D ��pQLWH PHDVXUH RQ WKH ��DOJHEUD $7 RI %RUHO VXEVHWV RI WKH XQLW FLUFOH
7 �DERXW WKH RULJLQ LQ WKH FRPSOH[ SODQH�� ,I z LV D ��pQLWH PHDVXUH RQ $7 � WKHQ LW
KDV D XQLTXH GHFRPSRVLWLRQ z  zD � zV DQG D XQLTXH GHFRPSRVLWLRQ z  zF � zG�
ZKHUH WKH ��pQLWH PHDVXUHV zD� zV� zF� DQG zG DUH DEVROXWHO\ FRQWLQXRXV� VLQJXODU�
FRQWLQXRXV� DQG GLVFUHWH� UHVSHFWLYHO\� ZLWK UHVSHFW WR y� 7KXV zV  zVF � zVG�
ZKHUH zVF DQG zVG DUH VLQJXODU�FRQWLQXRXV DQG VLQJXODU�GLVFUHWH� UHVSHFWLYHO\� ZLWK
UHVSHFW WR y� 7KHUHIRUH�

z  zD � zVF � zVG�
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6LQFH GLVFUHWH LPSOLHV VLQJXODU� VLQJXODU�GLVFUHWH FRLQFLGHV ZLWK GLVFUHWH �L�H�� zG  
zVG�� 7KLV LV WKH ZHOO�NQRZQ /HEHVJXH 'HFRPSRVLWLRQ 7KHRUHP� $ PHDVXUH z LV
SXUH LI HLWKHU z  zD� RU z  zVF� RU z  zVG�

$ XQLWDU\ RSHUDWRU LV DEVROXWHO\ FRQWLQXRXV� VLQJXODU� FRQWLQXRXV� GLVFUHWH� VLQ�

JXODU�FRQWLQXRXV� RU VLQJXODU�GLVFUHWH LI LWV VFDODU VSHFWUDO PHDVXUH LV DEVROXWHO\
FRQWLQXRXV� VLQJXODU� FRQWLQXRXV� GLVFUHWH� VLQJXODU�FRQWLQXRXV� RU VLQJXODU�GLVFUHWH�
UHVSHFWLYHO\� ZLWK UHVSHFW WR QRUPDOL]HG /HEHVJXH PHDVXUH RQ $7 �L�H�� ZLWK UHVSHFW
WR /HEHVJXH PHDVXUH RQ $7 VXFK WKDW y�7�  ��� 7KXV E\ WKH /HEHVJXH 'HFRPSR�
VLWLRQ 7KHRUHP DQG E\ WKH 6SHFWUDO 7KHRUHP HYHU\ XQLWDU\ RSHUDWRU 8 RQ D +LOEHUW
VSDFH+  +D j+V LV XQLTXHO\ GHFRPSRVHG DV WKH GLUHFW VXP 8 8D j 8V RI DQ DE�
VROXWHO\ FRQWLQXRXV XQLWDU\ 8D RQ +D DQG D VLQJXODU XQLWDU\ 8V RQ +V� ZKLFK LV DOVR
XQLTXHO\ GHFRPSRVHG DV WKH GLUHFW VXP 8  8F j 8G �RQ WKH VDPH +LOEHUW VSDFH�
QRZ GHFRPSRVHG DV +  +F j+G� RI D FRQWLQXRXV XQLWDU\ 8F RQ +F DQG D GLVFUHWH
XQLWDU\ 8G RQ +G� 7KXV 8V  8VF j 8VG RQ +V  +VF j+VG� ZKHUH 8VF RQ +VF LV
D VLQJXODU�FRQWLQXRXV XQLWDU\ DQG 8VG RQ +VG LV D VLQJXODU�GLVFUHWH XQLWDU\� 7KHUH�
IRUH� D XQLWDU\ RSHUDWRU 8 LV WKH GLUHFW VXP RI DQ DEVROXWHO\ FRQWLQXRXV XQLWDU\ 8D�
D VLQJXODU�FRQWLQXRXV XQLWDU\ 8VF� DQG D VLQJXODU�GLVFUHWH XQLWDU\ 8VG �ZKHUH DQ\
GLUHFW VXPPDQG PD\ EH PLVVLQJ��

8  8D j 8VF j 8VG�

ZLWK UHVSHFW WR WKH GHFRPSRVLWLRQ RI WKH +LOEHUW VSDFH+ LQWR+  +D j+VF j+VG�
$JDLQ� VLQFH GLVFUHWH LPSOLHV VLQJXODU� D VLQJXODU�GLVFUHWH XQLWDU\ FRLQFLGHV ZLWK D
GLVFUHWH XQLWDU\ �L�H�� 8G  8VG RQ +G  +VG�� $ XQLWDU\ RSHUDWRU 8 LV SXUH LI HLWKHU
8 8D� RU 8 8VF� RU 8 8VG� 2Q D pQLWH�GLPHQVLRQDO VSDFH XQLWDULHV DUH GLVFUHWH
�L�H�� VLQJXODU�GLVFUHWH _ UHDVRQ� RQ D pQLWH�GLPHQVLRQDO VSDFH VSHFWUD DUH pQLWH��

&RQVLGHU D ELODWHUDO VKLIW �RI DQ\ PXOWLSOLFLW\� RU D GLUHFW VXPPDQG RI D ELODWHUDO
VKLIW� DFWLQJ RQ DQ\ +LOEHUW VSDFH� $ XQLWDU\ RSHUDWRU LV DEVROXWHO\ FRQWLQXRXV LI
DQG RQO\ LI LW LV D ELODWHUDO VKLIW RU D GLUHFW VXPPDQG RI D ELODWHUDO VKLIW �VHH� H�J�� >��
SS������@�� ,W FDQ EH UHDGLO\ YHULpHG WKDW D ELODWHUDO VKLIW LV D ZHDNO\ VWDEOH XQLWDU\
RSHUDWRU� DQG VR LV DQ\ GLUHFW VXPPDQG RI LW� +HQFH 8D LV ZHDNO\ VWDEOH�

8Q
D

Zb� 2�

$QRWKHU ZD\ WR VHH WKLV JRHV DV IROORZV� $Q DEVROXWHO\ FRQWLQXRXV XQLWDU\ RSHUDWRU LV
VLPLODU WR D FRPSOHWHO\ QRQXQLWDU\ &���FRQWUDFWLRQ >��� /HPPD �@� 7KXV HYHU\ GLUHFW
VXPPDQG RI D ELODWHUDO VKLIW �LWVHOI LQFOXGHG� LV VLPLODU WR D FRPSOHWHO\ QRQXQLWDU\
FRQWUDFWLRQ DQG KHQFH ZHDNO\ VWDEOH �UHDVRQ� VLPLODULW\ SUHVHUYHV VWDELOLW\� DQG D
FRPSOHWHO\ QRQXQLWDU\ FRQWUDFWLRQ LV ZHDNO\ VWDEOH E\ WKH )RJXHO GHFRPSRVLWLRQ�
VHH� H�J�� >��� &RUROODU\ ���@��2Q WKH RWKHU KDQG� D VLQJXODU�GLVFUHWH XQLWDU\ RSHUDWRU
LV ZHDNO\ XQVWDEOH� ,QGHHG� LI WKH VFDODU VSHFWUDO PHDVXUH RI D XQLWDU\ 8 LV GLVFUHWH�
WKHQ LW KDV D FRXQWDEOH VXSSRUW� DQG VR 8 KDV D FRXQWDEOH VSHFWUXP� DQG KHQFH �E\
WKH 6SHFWUDO 7KHRUHP� 8 LV XQLWDULO\ HTXLYDOHQW WR D XQLWDU\ GLDJRQDO� DQG WKHUHIRUH
LW KDV HLJHQYDOXHV �LQ WKH XQLW FLUFOH� ZKLFK HQVXUHV WKDW 8 LV QRW ZHDNO\ VWDEOH�

8Q
VG

Zb�� 2�

7KXV D ZHDNO\ VWDEOH XQLWDU\ RSHUDWRU LV HLWKHU DEVROXWHO\ FRQWLQXRXV RU VLQJXODU�
FRQWLQXRXV �RU D GLUHFW VXP RI WKHP�� 7KLV LV VXPPDUL]HG LQ WKH QH[W SURSRVLWLRQ�

3URSRVLWLRQ ���� ,I D XQLWDU\ RSHUDWRU LV ZHDNO\ VWDEOH� WKHQ LW LV FRQWLQXRXV�
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5HPDUN ���� (YHU\ XQLWDU\ RSHUDWRU 8 FDQ EH GHFRPSRVHG DV 8 6 j:� ZKHUH
6 LV D ELODWHUDO VKLIW DQG : LV D UHGXFWLYH XQLWDU\ RSHUDWRU �VHH� H�J�� >�� S���@ _
DQ RSHUDWRU LV UHGXFLEOH LI LW KDV D QRQWULYLDO UHGXFLQJ VXEVSDFH� DQG UHGXFWLYH LI
DOO LWV LQYDULDQW VXEVSDFHV DUH UHGXFLQJ�� 6LQFH D ELODWHUDO VKLIW LV QRQUHGXFWLYH� D
XQLWDU\ RSHUDWRU LV QRQUHGXFWLYH LI DQG RQO\ LI LW KDV D ELODWHUDO VKLIW DV D GLUHFW
VXPPDQG� �(TXLYDOHQWO\� D XQLWDU\ 8 LV QRQUHGXFWLYH LI DQG RQO\ LI WKH WKHUH H[�
LVW DQ RUWKRQRUPDO IDPLO\ IHNJ LQGH[HG E\ WKH LQWHJHUV = ZKLFK LV VKLIWHG E\ 8
_ L�H�� 8HN  HN � � IRU HYHU\ N � = _ VHH� H�J�� >�� 7KHRUHP �����@�� 2XWFRPH� LI
D XQLWDU\ 8 LV QRQUHGXFWLYH� WKHQ LWV VSHFWUXP LV WKH XQLW FLUFOH� ��8�  7 �VLQFH
7  ��6� v ��8� v 7�� 7KH FRQYHUVH KRZHYHU GRHV QRW KROG� WKHUH H[LVW UHGXFWLYH
XQLWDU\ RSHUDWRUV ZKRVH VSHFWUD DUH WKH ZKROH XQLW FLUFOH 7� 7KH FODVVLFDO H[DP�
SOH FRPSULVHV D XQLWDU\ GLDJRQDO RQ C�� � 6HW :  GLDJ�IqMJMy�� LQ %>C�� @� ZKHUH

qM  H�}Lo � IRU HDFK M DQG IoMJ LV D GLVWLQFW HQXPHUDWLRQ RI DOO UDWLRQDOV LQ ��� �@�
VR WKDW ��: �  7 �VLQFH IoMJ LV GHQVH LQ >�� �@� EXW WKH XQLWDU\ : LV UHGXFWLYH
>�� ([DPSOH ����@� 7KLV DOVR JLYHV DQ H[DPSOH RI D VLQJXODU�GLVFUHWH XQLWDU\ ZKRVH
VSHFWUXP LV WKH ZKROH XQLW FLUFOH 7�

/HW /��7� z�  /��7� z�&� GHQRWH WKH +LOEHUW VSDFH RI DOO �HTXLYDOHQFH FODVVHV RI�
VFDODU�YDOXHG IXQFWLRQV I � 7 � & RQ WKH XQLW FLUFOH WKDW DUH VTXDUH�LQWHJUDEOH ZLWK
UHVSHFW WR D PHDVXUH z RQ $7 � 6XSSRVH z LV VLQJXODU�GLVFUHWH �L�H�� GLVFUHWH� ZLWK
UHVSHFW WR /HEHVJXH PHDVXUH RQ $7 VR WKDW z LV FRQFHQWUDWHG RQ D FRXQWDEOH VHW�
DQG WKHUHIRUH RQ D VHW RI /HEHVJXH PHDVXUH ]HUR� ,Q WKLV FDVH� /��7� z� LV LGHQWLpHG
ZLWK �L�H�� LW LV XQLWDULO\ HTXLYDOHQW WR� C��  /��1� z��  /��1� z��&�� ZKHUH z�

LV WKH FRXQWLQJ PHDVXUH RQ WKH SRZHU VHW `�1� DQG C�� LV WKH +LOEHUW VSDFH RI DOO
VTXDUH�VXPPDEOH VFDODU�YDOXHG VHTXHQFHV [ � 1 � & �GHQRWHG E\ I[QJQy���

3URSRVLWLRQ ����7KHUH H[LVW ZHDNO\ XQVWDEOH VLQJXODU�FRQWLQXRXV XQLWDU\ RSHUDWRUV�

3URRI� /HW y EH WKH QRUPDOL]HG /HEHVJXH PHDVXUH RQ $7 DQG WDNH WKH XQLWDU\
RSHUDWRU 8 RQ WKH +LOEHUW VSDFH /��7� y� JLYHQ E\

�8I��]�  ]TI�q]� y�D�H� IRU ] � 7
IRU HYHU\ I � /��7� y�� ZKHUH T LV D VXrFLHQWO\ VPDOO QRQ]HUR UDWLRQDO �IRU LQVWDQFH�
� � MTM x � ��� DQG q LV DQ LUUDWLRQDO LQ 7 �L�H�� q  H�}Lo ZLWK o � ��� �@ LUUDWLRQDO��
,W KDV EHHQ YHULpHG LQ >�@ WKDW 8 LV QRW VLQJXODU�GLVFUHWH DQG WKDW I8QJ KDV D
VXEVHTXHQFH� VD\ I8Q � J� VXFK WKDW � � LQIN MK8

Q � � � �LM� 7KXV 8 LV QRW ZHDNO\ VWDEOH�
DQG VR 8 LV QRW DEVROXWHO\ FRQWLQXRXV DV ZHOO� 1HYHUWKHOHVV� WKH VSHFWUDO PHDVXUH RI
8 LV SXUH �VHH� H�J�� >��@�� VR WKDW 8 PXVW EH D VLQJXODU�FRQWLQXRXV XQLWDU\�

7DNH WKH XQLW FLUFOH 7� DQ DUELWUDU\ ] � 7� DQG DQ DUELWUDU\ LQWHJHU N � =� VR
WKDW ]N HLNv  H�}LNW IRU v � ��� �}@ DQG W � ��� �@� /HW z EH D �SRVLWLYH� PHDVXUH
RQ WKH ��DOJHEUD $7 RI %RUHO VXEVHWV RI 7� DQG FRQVLGHU WKH +LOEHUW VSDFH /��7� z��
/HW 8z �/

��7� z��/��7� z� EH WKH PXOWLSOLFDWLRQ RSHUDWRU LQGXFHG E\ WKH LGHQWLW\
IXQFWLRQ� DOVR FDOOHG SRVLWLRQ RSHUDWRU�

�8zI��]�  ]I�]� z�D�H� IRU ] � 7�
IRU HYHU\ I � /��7� z�� ZKLFK LV XQLWDU\ �LQ IDFW� 8e

z � /
��7� z�� /��7� z� LV VXFK

WKDW �8e
z I��]�  ]I�]�� DQG KHQFH 8e

z 8z  8z 8
e
z  ,� WKH LGHQWLW\ RSHUDWRU RQ

/��7� z��� DQG KHQFHIRUZDUG UHIHUHHG WR DV WKH PXOWLSOLFDWLRQ RSHUDWRU� ,I WKH PHD�
VXUH z LV pQLWH� WKHQ LW LV D VSHFWUDO PHDVXUH IRU 8z �VHH� H�J�� >��� 5HPDUN WR WKH
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SURRI RI /HPPD ���@� DQG VR� LQ WKLV FDVH� WKH XQLWDU\ 8z LV DEVROXWHO\ FRQWLQX�
RXV� VLQJXODU�FRQWLQXRXV� RU VLQJXODU�GLVFUHWH LI DQG RQO\ LI WKH pQLWH PHDVXUH z
LV DEVROXWHO\ FRQWLQXRXV� VLQJXODU�FRQWLQXRXV� RU VLQJXODU�GLVFUHWH �ZLWK UHVSHFW WR
/HEHVJXH PHDVXUH RQ $7�� /HW y EH DQ\ DEVROXWHO\ FRQWLQXRXV pQLWH PHDVXUH RQ $7 �
VR WKDW WKH PXOWLSOLFDWLRQ RSHUDWRU 8y � /

��7� y�� /��7� y� LV �SXUHO\� DEVROXWHO\
FRQWLQXRXV� WKXV D ELODWHUDO VKLIW RU D GLUHFW VXPPDQG RI LW� ,I y LV WKH QRUPDOL]HG
/HEHVJXH PHDVXUH RQ $7 �VR WKDW y�7�  �� DQG KHQFH y LV D SUREDELOLW\ PHDVXUH
RQ $7�� WKHQ WKH +LOEHUW VSDFH /

��7� y� LV VHSDUDEOH DQG I]NJN � = LV DQ RUWKRQRUPDO
EDVLV IRU LW� DQG 8y VKLIWV WKH RUWKRQRUPDO EDVLV I]

NJN � = �

,Q OLJKW RI 3URSRVLWLRQ ��� LW LV UHDVRQDEOH WR DVN ZKHWKHU WKH DEVROXWHO\ FRQWLQ�
XRXV XQLWDULHV �L�H�� ELODWHUDO VKLIWV DQG WKHLU GLUHFW VXPPDQGV� DUH WKH RQO\ ZHDNO\
VWDEOH XQLWDU\ RSHUDWRUV� 7KLV DSSDUHQWO\ KDV EHHQ ULVHQ LQ >��@ DQG OHDGV WR WKH
TXHVWLRQ� LV HYHU\ VLQJXODU�FRQWLQXRXV XQLWDU\ RSHUDWRU ZHDNO\ XQVWDEOH" ,Q RWKHU
ZRUGV� DUH WKH ZHDNO\ VWDEOH XQLWDU\ RSHUDWRUV SUHFLVHO\ WKH DEVROXWHO\ FRQWLQXRXV
RQHV" (TXLYDOHQWO\� LV D XQLWDU\ RSHUDWRU ZHDNO\ VWDEOH LI DQG RQO\ LI LW LV D ELODW�
HUDO VKLIW RU D GLUHFW VXPPDQG RI D ELODWHUDO VKLIW" 7KH DQVZHU LV ?QR�� DV ZH ZLOO
VHH LQ 3URSRVLWLRQ ��� EHORZ� DQG LW VHHPV WR KDYH EHHQ IRONORUH IRU D ORQJ WLPH�
2EVHUYH WKDW TXHVWLRQV DERXW XQLWDU\ RSHUDWRUV FDQ EH UHGXFHG WR TXHVWLRQV DERXW
PXOWLSOLFDWLRQ RSHUDWRUV �DIWHU WKH 6SHFWUDO 7KHRUHP�� ZKLFK LQ WXUQ ERLOV GRZQ WR
WKH EHKDYLRU RI FRHrFLHQWV RI WKH )RXULHU WUDQVIRUP RI IXQFWLRQV LQ /��

3URSRVLWLRQ ���� 7KHUH H[LVW ZHDNO\ VWDEOH VLQJXODU�FRQWLQXRXV XQLWDU\ RSHUDWRUV�

3URRI� /HW DEVROXWHO\ FRQWLQXRXV� VLQJXODU� VLQJXODU�FRQWLQXRXV DQG VLQJXODU�GLV�
FUHWH PHDQ ZLWK UHVSHFW WR /HEHVJXH PHDVXUH RQ $7 � &RQVLGHU WKH DERYH VHWXS
ZKHUH 8z LV WKH PXOWLSOLFDWLRQ RSHUDWRU RQ /��7� z�� DQG VXSSRVH WKH PHDVXUH z LV
pQLWH �VR WKDW LW LV D VSHFWUDO PHDVXUH IRU 8z�� $ PHDVXUH z RQ $7 LV D 5DMFKPDQ
PHDVXUH LI DQG RQO\ LI Ez�N�  

5
7 ]N Gz � � DV MNM � ��

�D� (YHU\ DEVROXWHO\ FRQWLQXRXV PHDVXUH LV 5DMFKPDQ� DQG WKH FRQYHUVH IDLOV�

�E� (YHU\ 5DMFKPDQ PHDVXUH LV FRQWLQXRXV� DQG WKH FRQYHUVH DOVR IDLOV�

�6HH� H�J�� >��� 6HFWLRQ �@�� 7KXV WKHUH DUH 5DMFKPDQ PHDVXUHV WKDW DUH QRW DEVR�
OXWHO\ FRQWLQXRXV� DQG VR �WKLV LV 0HQVKRY
V 7KHRUHP _ VHH� H�J�� >��� 6HFWLRQ �@��

�F� 7KHUH H[LVW VLQJXODU 5DMFKPDQ PHDVXUHV�

$OVR� LW LV UHDGLO\ YHULpHG WKDW z LV 5DMFKPDQ LI DQG RQO\ LI 8Q
z

Zb� � �VHH� H�J�� >�@��

�,Q IDFW� �L� K8Q
z I � IL 

5
7 ]QMI�]�M�Gz� �LL� K8eQ

z I � IL KI �8Q
z IL 

5
7 ]bQMI�]�M�Gz�

�LLL� 8z DQG 8e
z DUH ZHDNO\ VWDEOH WRJHWKHU� DQG �LY� /

� �7� z�b /��7� z��� +HQFH�
�G� z LV D 5DMFKPDQ PHDVXUH LI DQG RQO\ LI 8Q

z
Zb� ��

7KHQ WKHUH LV QR VLQJXODU�GLVFUHWH 5DMFKPDQ PHDVXUH �FI� 3URSRVLWLRQ �����

�H� (YHU\ VLQJXODU 5DMFKPDQ PHDVXUH LV VLQJXODU�FRQWLQXRXV�

7KXV LI D pQLWH PHDVXUH z LV D VLQJXODU 5DMFKPDQ PHDVXUH �VR WKDW LW LV VLQJXODU�
FRQWLQXRXV�� WKHQ WKH PXOWLSOLFDWLRQ RSHUDWRU 8z RQ /��7� z� LV D ZHDNO\ VWDEOH
VLQJXODU�FRQWLQXRXV XQLWDU\ RSHUDWRU�

6XPPLQJ XS� DQ DEVROXWHO\ FRQWLQXRXV XQLWDU\ LV DOZD\V ZHDNO\ VWDEOH� D VLQJX�
ODU�GLVFUHWH XQLWDU\ LV QHYHU ZHDNO\ VWDEOH� DQG WKHUH H[LVW VLQJXODU�FRQWLQXRXV XQL�
WDULHV WKDW DUH HLWKHU ZHDNO\ VWDEOH RU ZHDNO\ XQVWDEOH�



� &�6 � . 8%586 / <

�� 6LQJXO DU �& RQW LQXRXV 8QLW DU LHV DQG : HDN 6XSHU F \F O LF LW \

$ FORVHG VHW b v 7 LV D .URQHFNHU VHW LI IRU HYHU\ FRQWLQXRXV IXQFWLRQ I � 7 � 7
DQG HYHU\ � ! � WKHUH LV DQ LQWHJHU N � = VXFK WKDW VXS] � b MI�]�b ]NM � �� $ VHW
b v 7 LV LQGHSHQGHQW LI IRU HYHU\ SRVLWLYH LQWHJHU Q � 1� HYHU\ pQLWH VHTXHQFH RI
LQWHJHUV INLJ

Q
L � v =� DQG HYHU\ pQLWH VHTXHQFH I]LJQL � v b� WKH LGHQWLW\

4Q
L �

]N
�

L  
� LPSOLHV NL  � IRU HYHU\ L  �� � � � � Q� (YHU\ pQLWH LQGHSHQGHQW VXEVHW RI 7 LV D
.URQHFNHU VHW� WKHUH H[LVW SHUIHFW .URQHFNHU VHWV� DQG SHUIHFW .URQHFNHU VHWV DUH
WRSRORJLFDOO\ KRPHRPRUSKLF WR D &DQWRU GLVFRQWLQXXP �L�H�� WR D SHUIHFW QRZKHUH
GHQVH VHW� HTXLYDOHQWO\� WR D FORVHG VHW ZLWK QR LVRODWHG SRLQWV DQG ZLWK HPSW\ LQWH�
ULRU� VHH� H�J�� >��� 6HFWLRQ 9,����@� >��� 6HFWLRQ ���@�� 7KH QH[W OHPPDV ZHUH SURYHG
LQ >�@� /HPPD ��� VKRZV WKH H[LVWHQFH RI ZHDNO\ VXSHUF\FOLF XQLWDU\ RSHUDWRUV�

/HPPD ���� ,I z LV D FRQWLQXRXV SUREDELOLW\ PHDVXUH RQ $7 ZKRVH VXSSRUW LV D

SHUIHFW .URQHFNHU VHW� WKHQ WKH PXOWLSOLFDWLRQ RSHUDWRU 8z RQ /��7� z� LV ZHDNO\

VXSHUF\FOLF�

3URRI� >�� S���� &RUROODU\ WR ([DPSOH ���@�

/HPPD ���� /HW z EH D SUREDELOLW\ PHDVXUH RQ $7 � ,I WKH PXOWLSOLFDWLRQ RSHUDWRU

8z RQ /��7� z� LV ZHDNO\ VXSHUF\FOLF� WKHQ z LV VLQJXODU�

3URRI� 7KLV LV DQ LPPHGLDWH FRQVHTXHQFH RI >�� ([DPSOH ����@�

/HPPDV ��� DQG ��� VKRZ WKDW D FRQWLQXRXV SUREDELOLW\ PHDVXUH RQ $7 ZKRVH

VXSSRUW LV D SHUIHFW .URQHFNHU VHW LV VLQJXODU�FRQWLQXRXV�7KHRUHP ��� EHORZ LV FRP�
SOHPHQWDU\ WR /HPPD ��� DQG FDQ EH YLHZHG DV D VRUW RI FRQYHUVH WR /HPPD ����

7KH QH[W SURSRVLWLRQ VD\V WKDW HYHU\ GLVFUHWH XQLWDU\ PXOWLSOLFDWLRQ RSHUDWRU 8z �
RQ /��7� zG� LV QRW ZHDNO\ O�VHTXHQWLDOO\ VXSHUF\FOLF�

3URSRVLWLRQ ���� /HW z EH D pQLWH PHDVXUH RQ $7 � ,I z LV GLVFUHWH� WKHQ WKH PXO�

WLSOLFDWLRQ RSHUDWRU 8z RQ /��7� z� LV QRW ZHDNO\ O�VHTXHQWLDOO\ VXSHUF\FOLF�

3URRI� /HW z EH D pQLWH GLVFUHWH PHDVXUH RQ$7 DQG WDNH WKH PXOWLSOLFDWLRQ RSHUDWRU
8z RQ /��7� z�� VR WKDW 8z LV D GLVFUHWH XQLWDU\�

�8zI��]�  ]I�]� z�D�H� IRU ] � 7
IRU HYHU\ I � /��7� z�� ,I 8z LV ZHDNO\ O�VHTXHQWLDOO\ VXSHUF\FOLF� WKHQ /��7� z� LV
VHSDUDEOH� 6LQFH WKH PHDVXUH z LV GLVFUHWH �L�H�� VLQJXODU�GLVFUHWH�� LW LV FRQFHQWUDWHG
RQ D FRXQWDEOH VHW �DQG VR RQ D VHW RI /HEHVJXH PHDVXUH ]HUR�� 7KXV WKH PXOWLSOL�
FDWLRQ RSHUDWRU 8z LV LGHQWLpHG ZLWK �L�H�� LW LV XQLWDULO\ HTXLYDOHQW WR� D GLDJRQDO
RSHUDWRU 8 RQ C�� �

�8[�N  ]N [N IRU ]N � 7
IRU HYHU\ [  I[NJNy� � C�� � :ULWH 8 GLDJ�I]NJ�� VR WKDW

8Q  GLDJ�I]QN J�

IRU HYHU\ LQWHJHU Q y �� ,I 8z RQ /��7� z� LV ZHDNO\ O�VHTXHQWLDOO\ VXSHUF\FOLF� WKHQ
VR LV 8 RQ C�� � /HW \  I\NJNy� � C�� EH D ZHDNO\ O�VHTXHQWLDOO\ VXSHUF\FOLF YHFWRU
IRU 8� )L[ DQ DUELWUDU\ QRQ]HUR [  I[NJNy� � C�� � 7KHQ WKHUH H[LVWV D VFDODU�YDOXHG
VHTXHQFH IoLJLy� RI QRQ]HUR QXPEHUV �ZKLFK GHSHQGV RQ [ DQG \� VXFK WKDW

oL8
Q �
\ Zb� [
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IRU VRPH VXEVHTXHQFH I8Q �
JLy� RI I8

QJQy�� ZKLFK PHDQV WKDW

oLK8
Q �
\ �ZL � K[ �ZL

IRU HYHU\ Z � C�� � HTXLYDOHQWO\�

oL

;
N
]Q

�
N \NZN �

;
N
[NZN�

IRU HYHU\ Z  IZNJNy� � C�� � /HW IHMJMy� EH WKH FDQRQLFDO RUWKRQRUPDO EDVLV IRU
C�� � 7DNH DQ DUELWUDU\ SRVLWLYH LQWHJHU M DQG VHW Z  HM VR WKDW

oL]
Q �
M \M b�L [M �

1RWH WKDW \M � � IRU HYHU\ M y � EHFDXVH \  I\MJMy� � C�� LV D ZHDNO\ VXSHUF\FOLF
�WKXV F\FOLF� YHFWRU IRU 8 GLDJ�I]NJ�� 7KHUHIRUH� VLQFH ]M � 7 IRU HYHU\ M y ��

MoLM b�L
M[ � M
M\ � M

IRU DOO M y �� LPSO\LQJ WKDW
M[ � M
M\ � M LV D FRQVWDQW IRU HYHU\ M y �� ZKLFK LV D FRQWUDGLF�

WLRQ� VLQFH [ ZDV WDNHQ WR EH DQ DUELWUDU\ QRQ]HUR YHFWRU LQ C�� �FOHDUO\ LQGHSHQGHQW
RI WKH YHFWRU \ � C�� �� 7KXV 8z FDQQRW EH ZHDNO\ O�VHTXHQWLDOO\ VXSHUF\FOLF�

7KHRUHP ���� /HW z EH D pQLWH PHDVXUH RQ $7 � ,I WKH PXOWLSOLFDWLRQ RSHUDWRU 8z
RQ /��7� z� LV ZHDNO\ O�VHTXHQWLDOO\ VXSHUF\FOLF� WKHQ z LV FRQWLQXRXV�

3URRI� 7DNH D PXOWLSOLFDWLRQ RSHUDWRU 8z RQ /��7� z� IRU D pQLWH PHDVXUH z RQ $7
�VR WKDW z LV D VFDODU VSHFWUDO PHDVXUH IRU WKH XQLWDU\ RSHUDWRU 8z�� &RQVLGHU WKH
GHFRPSRVLWLRQ z  zF � zG� ZKHUH zF DQG zG DUH WKH FRQWLQXRXV DQG GLVFUHWH �ZLWK
UHVSHFW WR QRUPDOL]HG /HEHVJXH PHDVXUH RQ $7� FRPSRQHQWV RI WKH pQLWH PHDVXUH
z� ZKLFK DUH DJDLQ pQLWH PHDVXUHV RQ $7 � &RQVLGHU WKH GHFRPSRVLWLRQ

8z  8z � j 8z � �

ZKHUH WKH XQLWDU\ RSHUDWRUV 8z � DQG 8z � DUH WKH FRQWLQXRXV DQG GLVFUHWH GLUHFW
VXPPDQGV RI WKH PXOWLSOLFDWLRQ RSHUDWRU 8z RQ /��7� z�  /��7� zF�j /��7� zG��
ZKLFK DUH DJDLQ PXOWLSOLFDWLRQ RSHUDWRUV RQ /��7� zF� DQG /��7� zG�� UHVSHFWLYHO\�
6XSSRVH WKH GLVFUHWH PHDVXUH zG LV QRQ]HUR� 7KLV PHDQV WKDW WKH GLVFUHWH GLUHFW
VXPPDQG 8z � RQ /��7� zG� LV QRW PLVVLQJ LQ WKH GHFRPSRVLWLRQ RI WKH XQLWDU\ 8z�
,I 8z RQ /��7� z� LV ZHDNO\ O�VHTXHQWLDOO\ VXSHUF\FOLF� WKHQ VR DUH 8z � RQ /��7� zF�
DQG 8z � RQ /��7� zG�� +RZHYHU� 3URSRVLWLRQ ��� VD\V WKDW 8z � FDQQRW EH ZHDNO\
O�VHTXHQWLDOO\ VXSHUF\FOLF� ZKLFK OHDGV WR D FRQWUDGLFWLRQ� 7KHQ WKH GLVFUHWH GLUHFW
VXPPDQG 8z � RQ /��7� zG� LV PLVVLQJ LQ WKH GHFRPSRVLWLRQ RI WKH XQLWDU\ 8z� ZKLFK
PHDQV WKDW WKH GLVFUHWH PHDVXUH zGPXVW EH ]HUR� DQG VR z  zF� WKDW LV� WKH PHDVXUH
z LV FRQWLQXRXV�

7KHRUHP ���� (YHU\ ZHDNO\ O�VHTXHQWLDOO\ VXSHUF\FOLF XQLWDU\ RSHUDWRU LV VLQJXODU�

FRQWLQXRXV�

3URRI� /HW 8 EH D XQLWDU\ RSHUDWRU RQ D +LOEHUW VSDFH+� 6XSSRVH 8 LV O�VHTXHQWLDOO\
ZHDNO\ VXSHUF\FOLF� VR WKDW 8 LV F\FOLF �DQG VR LW LV VWDU�F\FOLF _ L�H�� WKHUH H[LVWV D
YHFWRU \ � + VXFK WKDW

:
I8Q8eQ\J  +_ VLQFH LW LV QRUPDO�� 7KXV+ LV VHSDUDEOH

DQG� E\ WKH 6SHFWUDO 7KHRUHP� 8 LV LGHQWLpHG ZLWK �L�H�� LW LV XQLWDULO\ HTXLYDOHQW WR�
D XQLWDU\ PXOWLSOLFDWLRQ RSHUDWRU �LQGXFHG E\ WKH LGHQWLW\ IXQFWLRQ� 8z RQ /

��7� z��
ZKHUH WKH PHDVXUH z RQ $7 �VXSSRUWHG RQ ��8�� LV pQLWH� DQG VR LW FRLQFLGHV ZLWK D
VFDODU VSHFWUDO PHDVXUH IRU 8 �VHH� H�J�� >��� SDUW �D�� SURRI RI 7KHRUHP ����� DQG WKH
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UHPDUN IROORZLQJ WKH SURRI RI /HPPD ���@�� 6LQFH 8 RQ + LV ZHDNO\ O�VHTXHQWLDOO\
VXSHUF\FOLF� WKHQ VR LV 8z RQ /��7� z�� DQG KHQFH 8z LV FRQWLQXRXV DFFRUGLQJ WR
7KHRUHP ���� DQG VLQJXODU DFFRUGLQJ WR /HPPD ��� �VLQFH D pQLWH PHDVXUH LV D
SRVLWLYH PXOWLSOH RI D SUREDELOLW\ PHDVXUH� DQG VLQFH ZHDN O�VHTXHQWLDO VXSHUF\FOLF�
W\ LPSOLHV ZHDN VXSHUF\FOLFLW\�� 7KXV WKH PXOWLSOLFDWLRQ RSHUDWRU 8z RQ /��7� z� LV
VLQJXODU�FRQWLQXRXV� DQG VR LV WKH XQLWDU\ 8 RQ + XQLWDULO\ HTXLYDOHQW WR LW�

�� & RQF O XGLQJ 5HP DU N V

4XHVWLRQ ���� ,V LW WUXH WKDW LI D GLVFUHWH XQLWDU\ RSHUDWRU LV ZHDNO\ VXSHUF\FOLF�
WKHQ LW LV ZHDNO\ O�VHTXHQWLDOO\ VXSHUF\FOLF"

$Q DrUPDWLYH DQVZHU WR 4XHVWLRQ ��� HQVXUHV WKDW 3URSRVLWLRQ ��� DQG 7KHRUHPV
��� DQG ��� VWLOO KROG LI ZHDNO\ O�VHTXHQWLDOO\ VXSHU F\FOLF LV UHSODFHG ZLWK ZHDNO\
VXSHUF\FOLF �WKXV OHDGLQJ WR WKH QRQH[LVWHQFH RI ZHDNO\ VXSHUF\FOLF GLVFUHWH XQLWDU\
RSHUDWRUV�� $ORQJ WKH VDPH OLQH� LW ZDV DVNHG LQ >�� 4XHVWLRQ ����@ ZKHWKHU

WKHUH H[LVWV D 5DMFKPDQ SUREDELOLW\ PHDVXUH z RQ $7 IRU ZKLFK WKH
PXOWLSOLFDWLRQ RSHUDWRU 8z RQ /��7� z� LV ZHDNO\ VXSHUF\FOLF�

5HFDOO WKDW z LV 5DMFKPDQ LI DQG RQO\ LI 8z LV ZHDNO\ VWDEOH �FI� SDUW �G�� SURRI RI
3URSRVLWLRQ ����� 7KXV WKH DERYH TXHVWLRQ LV HTXLYDOHQWO\ VWDWHG DV IROORZV�

'RHV WKHUH H[LVWV D ZHDNO\ VWDEOH PXOWLSOLFDWLRQ RSHUDWRU 8z RQ /��7� z�
ZKLFK LV ZHDNO\ VXSHUF\FOLF"

7KH DrUPDWLYH DQVZHU ZDV JLYHQ LQ >��� 3URSRVLWLRQ ��� DQG 7KHRUHP ���@�

WKHUH H[LVWV D 5DMFKPDQ SUREDELOLW\ PHDVXUH z RQ $7 IRU ZKLFK WKH
�XQLWDU\� PXOWLSOLFDWLRQ RSHUDWRU 8z RQ /��7� z� LV ZHDNO\ VXSHUF\FOLF
EXW QRW ZHDNO\ VHTXHQWLDOO\ VXSHUF\FOLF

DQG� FRQVHTXHQWO\�

WKHUH H[LVWV D ZHDNO\ VXSHUF\FOLF FRQWLQXRXV XQLWDU\ RSHUDWRU WKDW LV QRW
ZHDNO\ O�VHTXHQWLDOO\ VXSHUF\FOLF�

�%HLQJ D FRQWLQXRXV XQLWDU\� LW LV VR QRW VLQJXODU� DQG WKHUHIRUH QRW VLQJXODU�GLVFUHWH�
ZKLFK PHDQV WKDW LW LV QRW D GLVFUHWH XQLWDU\� DV DVNHG LQ 4XHVWLRQ ����� $V VWDWHG
LQ /HPPD ���� WKH H[LVWHQFH RI D ZHDNO\ VXSHUF\FOLF �D ZHDNO\ O�VHTXHQWLDOO\ VXSHU�
F\FOLF� DFWXDOO\� XQLWDU\ RSHUDWRU ZDV VKRZQ LQ >�� ([DPSOH ���� S������@ �VHH >���
4XHVWLRQ �@�� DQG WKHUHIRUH ZKDW KDV DOVR EHHQ VKRZQ LQ >��� 3URSRVLWLRQ ��� DQG
7KHRUHP ���@ ZDV WKH pUVW LQVWDQFH RI D ZHDNO\ VXSHUF\FOLF XQLWDU\ RSHUDWRU WKDW
LV QRW O�VHTXHQWLDOO\ VXSHUF\FOLF� ,Q YLHZ RI VXFK DQ DrUPDWLYH DQVZHU� LW VHHPV
VHQVLEOH WR HQTXLUH LQ WKH RSSRVLWH GLUHFWLRQ�

'RHV WKHUH H[LVW D ZHDNO\ VWDEOH PXOWLSOLFDWLRQ RSHUDWRU 8z RQ /��7� z�
ZKLFK LV QRW ZHDNO\ VXSHUF\FOLF"

,Q WKLV FDVH WKH DQVZHU LV DJDLQ LQ WKH DrUPDWLYH� VLQFH

LI z LV D pQLWH DEVROXWHO\ FRQWLQXRXV PHDVXUH RQ $7 � WKHQ z LV 5DMFKPDQ
DQG WKH PXOWLSOLFDWLRQ RSHUDWRU 8z RQ /

��7� z� LV QRW ZHDNO\ VXSHUF\FOLF�
,QGHHG� OHW z EH D pQLWH �RU D SUREDELOLW\� PHDVXUH� $FFRUGLQJ WR /HPPD ����
LI 8z LV ZHDNO\ VXSHUF\FOLF� WKHQ z LV VLQJXODU� 7KHUHIRUH� VLQFH HYHU\ DEVROXWHO\
FRQWLQXRXV PHDVXUH LV 5DMFKPDQ� LW IROORZV WKDW DQ DEVROXWHO\ FRQWLQXRXV PHDVXUH LV
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D 5DMFKPDQ PHDVXUH WKDW LV QRW VLQJXODU� DQG WKHUHIRUH 8z LV QRW ZHDNO\ VXSHUF\FOLF�
+RZHYHU� WKH UHYHUVH TXHVWLRQ UHPDLQV XQDQVZHUHG�

4XHVWLRQ ���� ,V HYHU\ ZHDNO\ VXSHUF\FOLF XQLWDU\ RSHUDWRU ZHDNO\ VWDEOH"

7KLV LV D SDUWLFXODU FDVH RI D PRUH JHQHUDO TXHVWLRQ ZKLFK KDV� LQ LWV PRVW JHQHUDO
FDVH� D QHJDWLYH DQVZHU� LV HYHU\ ZHDNO\ VXSHUF\FOLF +LOEHUW�VSDFH RSHUDWRU ZHDNO\
VWDEOH" 1R� VLQFH ZHDN K\SHUF\FOLFLW\ LPSOLHV ZHDN VXSHUF\FOLFLW\� VLQFH WKHUH H[LVW
+LOEHUW�VSDFH ZHDNO\ K\SHUF\FOLF RSHUDWRUV �VHH� H�J�� >�� ([HUFLVH ������@�� DQG VLQFH
D ZHDNO\ K\SHUF\FOLF RSHUDWRU FDQQRW EH ZHDNO\ VWDEOH� +RZHYHU� WKH TXHVWLRQ VHHPV
WR UHPDLQ DQVZHUHG ZKHQ UHVWULFWHG WR SRZHU ERXQGHG RSHUDWRUV HYHQ IRU ZHDN O�
VHTXHQWLDO VXSHUF\FOLFLW\� LV HYHU\ ZHDNO\ O�VHTXHQWLDOO\ VXSHUF\FOLF SRZHU ERXQGHG

RSHUDWRU ZHDNO\ VWDEOH "

7KH QH[W UHVXOW JLYHV D FRQGLWLRQ IRU D ZHDNO\ XQVWDEOH XQLWDU\ RSHUDWRU QRW WR
EH O�VHTXHQWLDOO\ ZHDNO\ VXSHUF\FOLF� ZKLFK UHPLQGV WKH VR�FDOOHG $QJOH &ULWHULRQ
IRU VXSHUF\FOLFLW\ �VHH� H�J�� >�� 7KHRUHP ���@��

7KHRUHP ���� ,I D XQLWDU\ RSHUDWRU 8 RQ D +LOEHUW VSDFH + LV QRW ZHDNO\ VWDEOH�

DQG LI IRU HYHU\ [ � + IRU ZKLFK 8Q[ Zb�� � WKHUH LV D QRQ]HUR [� � + VXFK WKDW

MK8Q[ �[�LM � N[N N[�N�

WKHQ 8 LV QRW ZHDNO\ O�VHTXHQWLDOO\ VXSHUF\FOLF�
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