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BIISOMETRIC OPERATORS AND BIORTHOGONAL
SEQUENCES

CARLOS KUBRUSLY AND NHAN LEVAN

ABSTRACT. It is shown that a pair of Hilbert space operators V and W such
that V*W = I (called a biisometric pair) shares some common properties with
unilateral shifts when orthonormal basis are replaced with biorthogonal se-
quences, and it is also shown how such a pair of biisometric operators yields
a pair of biorthogonal sequences which are shifted by them. These are applied
to a class of Laguerre operators on L2[0, co).

1. INTRODUCTION

Throughout this paper H and K stand for Hilbert spaces. We use the same

symbol {-;-) and || - || for the inner product and norm in both of them, respectively.
Let T: H — K be a bounded linear transformation (referred to as an operator if
K ="H — i.e., an operator on H is a bounded linear transformation of H into

itself). Let I stand for the identity operator (either on H or on K). Recall: T is an
isometry if T*T = I, identity on H. Every isometry is injective. A transformation
T is unitary if it is a surjective isometry (i.e., an invertible isometry), which means
T is an isometry and a coisometry (i.e., TT* = I, identity on K; and T*T = I,
identity on H). By a subspace of H we mean a closed linear manifold of H. Let
M~ and M+ denote closure and orthogonal complement, respectively, of a linear
manifold M of H (both are subspaces of H). The kernel and range of a bounded
linear transformation T' will be denoted by N (T) (a subspace of H) and R(T) (a
linear manifold of ), respectively. The adjoint of T' (which is a bounded linear
transformation of K into H) will be denoted by T* Let span A denotes the linear
span of an arbitrary set A C H and let \/A denotes the closure of span A.

An operator S: 'H — 'H is a unilateral shift if there exists an infinite sequence
{Hi}32o of nonzero pairwise orthogonal subspaces of H (i.e., H; L Hj) such that
H =B oHr (i-e., {Hr}2 o spans H) and S maps each Hy, isometrically onto Hy 1
so that S|y, : Hx — Hi41 is a unitary transformation (i.e., a surjective isometry).
Thus dim Hg 1 = dim Hy, for every k > 0. Such a common dimension is the mul-
tiplicity of S. The adjoint S*: H — H of S is referred to as a backward unilateral
shift. Every unilateral shift S is an isometry (i.e., S*S = I) and so S is injective
(but not surjective). Moreover, for each k > 0

Hy = S*Ho  with  Ho = N(S*),
where N(S*) denotes the kernel of S*. Therefore
SHk = Hk+] and S*Hk+] = Hk.
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In this paper we show that there exist pairs of Hilbert space operators V' and
W that satisfy the above displayed shifting properties (although they may not be
unilateral shifts themselves, not even isometries), where orthogonality is replaced by
biorthogonality. The motivation behind such a program comes from the following
result from [2, 4]. If S and R are unilateral shifts on a Hilbert space H such that
SS5*+ RR*= I, then 'H admits the dual-shift decomposition, namely,

H=  SNESH e RN(ER).

(The symbol & stands for orthogonal direct sum.) This will be approached here
in light of biorthogonal sequences (which are not necessarily individually orthog-
onal sequences) and biisometric operators (which are not necessarily individually
isometric operators). Next section discusses these notions.

2. BIORTHOGONAL SEQUENCES

Biorthogonal sequences are germane to Banach spaces and were introduced in
the context of basis for separable Banach spaces [8, Definition 1.4.1], [6, Definition
1.f.1]. Thus let H be a separable Hilbert space. In a Hilbert space setting (where
dual pair boils down to inner product after the Riesz Representation Theorem) the
notion of biorthogonality reads as follows.

Definition 2.1. Two sequences {f,} and {g,} of vectors in H are said to be
biorthogonal (to each other) if (fu;gn) = Om,n where § stands for the Kronecker
delta function. If { f,,} is such that there exists a sequence {g,} for which {f,} and
{gn} are biorthogonal, then it is said that {f,} admits a biorthogonal sequence (and
so does {g,}) and the pair {{f.},{gn}} is referred to as a biorthonormal system.

Let {f.} and {gn} be a pair of biorthogonal sequences. If they are such that
fn = gn for all n, then we get the definition of an orthonormal sequence, although
in general neither {f,} nor {g,} are orthogonal (much less orthonormal) sequences.

A sequence {f,} that admits a biorthogonal sequence {g,} was called minimal
in [6, Definition 1.f.1], where it was pointed out that (i) {f.} admits a biorthogonal
sequence if and only if fi & \[{fn}nzk for every integer k (i.e.if and only if each
vector fi from {f,} is not in the closure of span{f,}/{fx}) [6, p.42] and (ii) every
basic sequence is minimal [6, pp.43] (a sequence is basic if it is a Schauder basis for
its closed span). So every orthonormal sequence admits a biorthonormal sequence.

A sequence {f,} spanning the whole space H is sometimes called total (or com-
plete, or fundamental). This means \/{f,} = H or, equivalently, f L f, for every
n implies f = 0 (i.e., {fn} is total if and only if the only vector orthogonal to every
fn is the origin). It was pointed out in [9] that (iil) if {f,} admits a biorthogonal
sequence {gn}, then {gn} is unique if and only if {fn} is total.

If { f»} admits a biorthogonal sequence {g, }, and if { f,,} is total, then {g,} is not
necessarily total (i.e., the property “{f,} spans H” is not inherited by {g,} — as
in the example below). A total sequence {f,} that admits a (unique) biorthogonal
sequence {g,} was called ezact in [9], where it was shown that (iv) if the sequence
{fa} = {€®"} of vectors in the Hilbert space L?(—m,7) (so that f,(t) = e«n!
for each n almost everywhere in (—m, ) — i.e., for almost every ¢ in (—m,7) with
respect to Lebesgue measure) is exact (i.e., {f,} is total and admits a (unique)
biorthogonal sequence {g,}), then the biorthogonal sequence {g,} is also ezact.
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Example 2.1. Let {e,},>1 be any orthonormal basis for H (any orthonormal
sequences that spans H, thus total).

(a) The sequence {fn}n>1 = {€1 + €nt1}n>1 is total (since if f L f, for all n, then
the absolute value of the Fourier coefficients of f with respect to the orthonormal
basis {ep, }»>1 are constant, and so f = 0). Moreover, { f,, }»>1 admits a biorthogonal
sequence {gn }n>1 = {€n+1}n>1 which is unique and not total.

(b) The sequences {fn}n>1 = {e1 +e2+ eni2}n>1, {gn}n>1 = {€ni2}n>1, and
{hn}n>1 = {€1 — €2 + enta}n>1 are pairwise biorthogonal to each other, and there-
fore they are all not total.

Furthermore, every vector from {f,},>1 in (a) or in (b), and from {h,},>1 in (b),
is not orthogonal to any other vector from the same sequence, and all vectors in
{fn}n>1 and in {hp}n>1 have squared norm 2 or 3 while {g,}n>1 in (a) or in (b)
is an orthonormal sequence.

Indeed, there is no distinct pair of biorthonormal sequences as we show below.

Theorem 2.1. Take a pair of biorthogonal sequences {fn} and {g.}. If ||fnll =
llgnll =", then {f.} and {gn} are proportional, which means for each n there exists
a nonnegative number o, for which f, = angn. Moreover, an = || fnll?.

Proof. Suppose {f.} and {g,} are biorthogonal sequence. Hence (fy, g,) = 1. Take
an arbitrary n. If ||fn|| = |lgnl| !, then

(s gn) = [l fnllllgnll
But this is equivalent to saying that (see, e.g., [1, Problem 5.2])

fn = angn
for some positive real number «,,. Therefore {f,} and {g,} are proportional (and
so biorthogonal to each other). Moreover, since | fn| = |lgnl|"!, it follows that
I£n]l = enllgnll = anll fa[I 7" and so o = || fal . O

Corollary 2.1. There is no distinct pair of biorthonormal sequences. In other
words, if two sequences {fn} and {gn} are biorthogonal and if ||fn| = llgn| = 1
for all n, then f, = g, for all n.

Proof. This is a particular case of Theorem 2.1 for || f,| = ||gn|| =1 for all n. O

3. BIISOMETRIC OPERATORS
Consider a pair of operators V' and W on a Hilbert space H.

Definition 3.1. Two operators V and W are said to be biisometric if VW =1,
and in this case {V, W} is referred to as a biisometric pair on H.

Tt is clear that V*W = I if and only if W*V = I. Thus {V, W} is a biisometric
pair if and only if
VW =1=W"V.
Let V and W be a pair of biisometric operators. If they are such that W =V, then
we get the definition of an isometry, viz., V*V = I, although in general neither V'
nor W are assumed to be isometries themselves.
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Theorem 3.1. Let V and W be operators on ‘H. Suppose their adjoints V* and W*
are not injective. Take arbitrary nonzero vectors v and w in H. For each nonnega-
tive integer n consider the vectors

On =V"™w and Y, =W
in H. If {V,W} is a biisometric pair on H, then there exist
veNWV*) and weNWTY)
such that the sequences {¢,} and {¢n} are biorthogonal sequences. Moreover,

V(bn = ¢n+] and an = wn+la
and also

V*d)nqu = d)n and W*¢n+1 = ¢n

Proof. Suppose V and W have noninjective adjoints. This is equivalent to saying
that VV and W have nondense ranges (as N(T*)* = R(T)~ for every operator T).
Since V* and W* are noninjective take arbitrary nonzero vectors v € N(V*) and
w € N(W*), arbitrary nonnegative integers m, n, and set

Op =V"™w and v, = W"v.
Suppose n < m. As V*W =TI a trivial induction leads to V**W™= T and so
(S s 0n) = (V™w; W) = (w; VMDYV ) = (w; VM) = 0

for n < m because v € N (V*) implies v € N (V*™~™). On the other hand, suppose
m <n.As W*V = I and w € N(W*) a similar argument ensures (¢, ; ¢,,) = 0 for
m < n. Moreover, since W*V = [ we also get the following nonorthogonality.

Claim. NV*) L N(WH).

Proof. Since W*V = I, then V # O. Thus take any 0 # y = R(V) so that y = Va
for some 0 #£ z € H. If y € N(W*), then 0 = W*y = W*Vz = z, which is a contra-
diction. So R(V) NN (W*) ={0} which implies R(V)~ NN (W*)={0}. Therefore

NVHEAN W) = {0}.

Suppose N (W*) L N(V*). Then N (W*) C N(V*)L. Thus by the above identity
NW*) = NWHNANW*) € NVHENNW*) = {0}, which contradicts the
assumption of W* being noninjective. Hence N'(V*) Y N(W*). O

Thus there exist (nonzero) v € N (V*) and w € N(W*) such that (w;v) # 0, and
so we may take v € N (V*) and w € N (W*) for which (w;v) = 1. Then

<¢n’1/)n> = <w;v> =1.

Therefore (¢ ;¥n) = dm,n. This means {¢,} and {¢,,} are biorthogonal sequences.
Moreover, according to definition of ¢, and 1, we get

V¢n = VnJr]w = ¢n+1 and an = WnJr]v = 7;Z)n+1a
and since VW =1 = W*V we also get
Vipyr = VW Ty =W =4, and W, = WV Hw =V = ¢,

for every nonnegative integer n. O
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Corollary 3.1. Let {V,W} be a biisometric pair on H and consider the biorthog-
onal sequences {¢pn} and {¢n} defined in Theorem 3.1 in terms of nonzero vectors
v eNV*) and w € N(W*). In addition, if these biorthogonal sequences span H,
then every x € H with series expansion in {¢,} and {1} can be expressed as

r= Z:;O@ s V)P = Z;o:()(x ; Ok) Vs

and therefore

V= Z:io<$§wk>¢k+] and Wax = Z:;O@ Ok )kt 1,

o0

Vie = Zk:()(a: s Okr1)Ur and Wiz = Z;O:0<x;¢k+1>¢k~

Proof. Take an arbitrary x € H. If the biorthogonal sequences {¢,} and {¢,, } span
H (i.e., if V{¢n} = V{¢¥n} =H) and if

T = Zkzoakfﬁk = Zkzoﬂkiﬁk
for some pair of sequences of scalars {a,,} and {3,}, then
Qn = <27 ; ¢n> and B, = <27 ; ¢n>

for every n > 0. Indeed, observe (by the continuity of the inner product and recalling
that {¢x} and {¢;} are biorthogonal) that

oo oo
<93 ; wn> = Zk:oak<¢k 7wn> =a, and <9j ; ¢n> = Zk:oak <wk ; ¢n> = Bn
for every n > 0. Finally, recall from Theorem 3.1 that for each n > 0
Von = oni1, Wibn =Yni1, Vinir =, and W0, i1 = .
So apply V and W* to the expansion of z in terms of {¢,} and apply V* and W to
the expansion of x in terms of {1, } (using the continuity of the inner product). O
4. LAGUERRE SHIFTS

We now apply the results of Section 3 to a class of Laguerre operators. Recall
that the Laguerre functions consist of an orthonormal basis {e, }2°  for the concrete
Hilbert space L2[0,0) (see, e.g., [1, Example 5.L(d)]) defined a.e. for t > 0 by

en(t) = e 7" L(t)

for each integer n > 0, where L,(t) are the Laguerre polynomials of degree n > 0.
Consider the operator S: L2[0,00) — L2[0,00) defined by Sf = g, where (for almost
all ¢ > 0 with respect to Lebesgue measure; i.e., almost everywhere (a.e.) on [0, 00))

(St =g(t) with g(t) = F(t) - / 2D f(r) dr,

which is an isometry having the shift property, viz., (with e, (t) = e~ 2% L, (t)),

(Sen)(t) = €77 L y1 () = enpa(t)

for every t > 0 and each integer n > 0. This is referred to as the Laguerre shift (of
multiplicity 1) generating the Laguerre functions. Let Da,: L2[0,00) — L?[0, 00)
be the dilation-by-2a-operator defined by Do, f = g where for every t > 0

(D2af)(t) = g(t)  with  g(t) = V2a f(2at)
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%. The a-Laguerre functions are then defined for each n > 0 (again
e 2" Ly(t)) by

(Dag ) () = V2a e, (2at) = V2a e " L, (2at)

for every t > 0. Similarly, the a-Laguerre shift S, — generating the a-Laguerre
functions — is defined by S, = D2, S so that for every ¢t > 0

for each o >
with e, (t) =

(Saf)() = (DaaS)f () = (t) with g(0) = £6) =20 [ D p(r)dr
and (with (Da, e,)(t) = V2a e~ L, (2at) ) for each n >0

(Sa en)(t) = (DaaSen)(t) = (Danenyi1)(t) = V2a e L1 (2at).

Now consider a class of 2-parameter Laguerre functions as follows. The (a + (3)-
Laguerre functions are defined for every ¢ > 0 by (recall: e,(t) = e~2! L, (t))

(Datsen)(t) = v+ Be™ T Lo ((a+ B)1),

for each n > 0 where o, 3 > % (Compare with [3, Section 5].) From now on we
proceed formally.

Lemma 4.1. The sequences {¢,} and {1, } given by
On(t) = Va+Be Ly((a+B)t) and Pu(t) = Va+8 e Ly((a+B)t)

for each n > 0 are biorthogonal and span L?[0,00).

Proof. For each m,n >0
<¢m ; ¢n> :/oo\/ a+ eiath((a + ﬂ) t) Vot eiﬁth((a“‘ﬂ)t) dt
0
:/oj/chL e*"T”th((ajLﬂ)t)\/a + ﬂe*“zﬁth((a + B)t) dt = b,
0

since the above-defined (a + ()-Laguerre functions, namely, Dq4 (e_%th(t)) =

Va+ Ge” néﬁth((a +09) t), are orthonormal. It remains to show that {¢,} and
{4} span L?[0,00). Suppose there is a nonzero h € L?[0,0) such that

(o]
/ e Ln((a+ B)t)h(t)dt =0
0
for every t > 0 and each n > 0, which can be rewritten as

/ooe*%éth((a +B)t) (e T th(t)) dt = 0.
0

So, as the (a + B3)-Laguerre functions v/a + Ge~ =R ((a+ 3)t) span L?[0, 00),
e_#th(t) =0 forevery t >0 = h(t) =0 for every t >0,
ensuring that {¢, } spans L2[0, c0). Interchanging o and 3, {1,,} spans L?[0,00). O

Lemma 4.2. The Laplace transforms of each ¢, and 1, are given by

Lolonl(s) = [52] 2 and Lofunl(s) = [555] S
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Proof. The functions ¢,, and v,, were defined in Lemma 4.1 as follows.

on(t) = Va —l—ﬂe_ath((a + B)t) and  Yn(t) = a+p e Pt Ln((a + B)t)

Recall: the Laplace transform of the Laguerre polynomial L, (t) is

Ly [Ln}(s) = (SS;Rn-

Thus (formally)

L[Va+Be *Ly((a+)t)] = Va+p relotil
-=vats —(S(i;@il — [;é] NCEY:

s+ta sta ?
and hence "
L[Vt Be Lo (o + A)1)] = [555] LEF
by interchanging « and 5. O

The shift operator S corresponds to the operator multiplication by the function
H(-) in the Hardy space H? which is given by

H(s) = 54

for Re(s) > —%. The Laplace transforms of ¢, and 1, in Lemma 4.2 imply the
existence of functions H,g and Hg, in H 2 given by

Hap(s) = 259 and  Hga(s) = 552,

Consequently we consider the (a3)-Laguerre operator S,z on L2[0,00) defined by
Sapf = g where, for every t > 0

(Sapf)(t) = g(t) with  g(t) = f(t) = (@ + ﬂ)/ e P f(7) dr,

0

generating for each n > 0 the function 1, given by

Un(t) = Va+ eiﬂth((a + B)t).
Interchanging o and 3 we have the Sg,-Laguerre operator Sg, on L2[0,00) defined
by Sgaf = g where, for every ¢t > 0

(Spaf)(t) = g(t)  with  g(t) = f(t) — (a+ﬂ)/0 e f(r) dr,
generating the function ¢, given by

on(t) = Va+ ﬂefo‘th((a +0) t).
Observe that S, is associated with the a-Laguerre shift S, while Sg, is associated
with the 8-Laguerre shift Sg.

Theorem 4.1. The (af) and (Bo)-Laguerre operators Syp and Sg consist of a
bissometric pair on L%[0,00) having the following properties.

N(S%g) = span{e U} = N(S%),
N (S5q) = span{e "0} = N(S7),
SapSpa =1 = S5,Sa8,
SapSsa = SaSs = SpaSas:
and so So3S3q is a shift of multiplicity 2.
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Proof. Fort >0

Siuf =g with g@zf@—@»ﬂ%/iﬂ%4VWMr

t
Therefore f € N( ;5) if and only if S7 5 f = 0, which implies, for every t > 0,

50 =(a+9) [ o j(r)ar

t
Differentiating both sides we get, for t > 0,

f() =Bf(t) = (a+B)f(t) = —af (D).

Solving for f we get
J(t) = Ke

for t > 0 and some constant K. The same argument leads to

Ste et =

o
for every ¢t > 0. This proves the first property. Interchanging « and ( we get the
second one. The next two properties are derived by simple calculations. Finally,
since Sag Sga is the convolution of two commutable shifts of multiplicities 1, viz.,
SaS3, it is therefore a shift of multiplicity 2. O

The next result follows from Corollary 3.1, Lemmas 4.1, 4.2, and Theorem 4.1.

Corollary 4.1. For each n>0 consider the functions ¢, 1, € L*[0,0) as follows.
on(t) = Va+B8e P Lo((a+B)t) = [Sap]"Va+ B,
Un(t) = Va+Be ™ Ln((a+ B)t) = [Spa]" Vo + e

The sequences {¢n} and {1n} are biorthogonal and both span L%[0,00). Moreover,
the biisometric operators Saz and Sga shift the biorthogonal sequences {¢,} and
{t¥n}. That is, for each n >0

Saﬁd)n = ¢n+]7
and for every f € L2[0,00) with expansion in {¢n},

f= Z;o:0<f;1/)k>¢k and so  Sapf = Z;ozo<f§¢k>¢k+l~
Similarly, for each n >0

Sﬁof‘/)n = 1/)n+1,
and for every f € L2[0,00) with expansion in {1y},

R o0
f= Zk:(](f oK)k and so Sgaf = Zk:0<f;¢k>¢k+]_
Proof. Apply Corollary 3.1, Lemmas 4.1, 4.2, and Theorem 4.1. O

Remark 4.1. (a) The Gram—Schmidt orthonormalization procedure can be ex-
tended to biorthonormalization in Hilbert space. Indeed, take a pair of sequences
{fn} and {gn}, and construct the sequences {¢,} and {¢),,} so that (¢, ;1) = dm.n
as follows. To begin with set

— fo and — g0
b0 (fo390) Yo (fo390)2

[N
[N
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and ¢y = ——,

<p1 ;Q1>

a1 = g1 — (91 %0)0.

[N

[N

so that (@g;1g) = 1. Next set
— P1
b (p13q1)
where
m = fi—(fi;v0)¢o and
Tt is plain that (¢q ;1) =1, p1 L g, and g1 L ¢g. Then
where 7| = <p1,q1>%.

rior =p1 = fi — (f1;%0)¢0

[N

Thus ¢1 L ¥g. Similarly,
mY1 = q = g1 — (91 P0) o,

and so Y1 L ¢g. In general, for n > 1,
n—1
Tn®n = Pn = fn — Zk 0<fn§¢k>¢k Labo,...,n-1  where 7, = (pn;qn)
n—1
<gn 5 ¢k>¢k L ¢03 teey (b’n—l-

Similarly,
Tnn = qn = gn — Zk:O
If f L h, then ¢,, L h. Therefore, if {f,} is total (i.e., complete), then so is {¢,}.
Similarly, if {gn} is total (i.e., complete), then so is {¢,}.

(b) Tt is also worth noticing on the following points.
(i) If fn = gn, then the Gram—Schmidt biorthonormalization becomes the usual
Gram-Schmidt orthonormalization.
(ii) If fr(t) = e ((a+ B)t)" and gn(t) = e P ((a + B)t)", then we get ¢, (t)
e Ly (a+ B)t and 9, (t) = e”* L, (a + B)t. Moreover {f,} and {g,} are total
(i.e., complete), and ¢, and 1, admit the biisometric description as well. Also

{én} and {9, } are in this case independently total (i.e., complete).

5. CONCLUSION AND REMARKS

We have seen in Section 4 that the a-Laguerre shift S, satisfied for each n >0

Sa(V2a e L,(2at)) = V2a e * Ly 1(2at).

the following properly.

Moreover,
[Sxlem*t = 0.
The same type of results can be obtained for S,g. Indeed, in the space H 2,
[Hopl ™) = [555] o=
and hence .
n+l_1 _ |s—« s—a 1 n_1

[Haps] sta [s+a} |:S+/5:| s+ = Ha[Hap] ERNCH
ijrz Therefore for each n >0

me =S [e P Ly ((a+ B)1)].

for each n > 0, where H, =
[Saﬁ] €

Interchanging a and 3 we get
[Spal™ €77 = Sp[e™ " Ln (o + 8)1)].
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These functions, however, are neither orthogonal nor biorthogonal. The a-Laguerre
functions and a-Laguerre shift S, have been widely applied in systems analysis
and identification, see for instance [7] and the references therein. Applications of
biorthogonal Laguerre functions and biisometric Laguerre shifts will be reported
elsewhere.

Finally, the biisometric operators S,z and S, discussed above can be regarded
as “Laguerre-like” shifts of multiplicity 1. A class of Laguerre shifts and Laguerre
shift semigroups of finite multiplicities have been developed in [5]. We expect that
one can also construct “Laguerre-like” shifts of finite multiplicities.
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