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6WDELOLW\ RI DQ RSHUDWRU 7 �H�J�� DFWLQJ RQ D QRUPHG VSDFH� PHDQV FRQYHUJHQFH
RI WKH SRZHU VHTXHQFHV I7 v J WR WKH QXOO RSHUDWRU� :HDN VWDELOLW\ KROGV ZKHQ WKLV
KDSSHQV LQ WKH ZHDN VHQVH� :HDN TXDVLVWDELOLW\ KROGV ZKHQ FRQYHUJHQFH LV ZHDNHQHG
WR FRQYHUJHQFH RI D VXEVHTXHQFH� )RU UHFHQW H[SRVLWLRQV RQ ZHDN VWDELOLW\ DQG ZHDN
TXDVLVWDELOLW\� VHH >�@ DQG >��@� ZKHUH WKHVH QRWLRQV DUH GLVFXVVHG LQ GHWDLO DQG WKHLU
LPSRUWDQFH LV H[SODLQHG DQG H[HPSOLpHG� 7KH SUHVHQW SDSHU LQYHVWLJDWHV WKH UHODWLRQ
RI ZHDN VWDELOLW\ DQG ZHDN TXDVLVWDELOLW\ ZLWK 5DMFKPDQ PHDVXUHV�

7KH PDLQ UHVXOWV SURYHG KHUH DUH�

r:HDNO\ TXDVLVWDEOH RSHUDWRUV DUH HLWKHU SRZHU ERXQGHG RU QRQFRHUFLYHO\ SRZHU
XQERXQGHG �7KHRUHP �����

r ,I I] w J LV DQ RUWKRQRUPDO EDVLV IRU / x �7� z�� WKHQ WKH PHDVXUH z LV 5DMFKPDQ�
DQG WKH FRQYHUVH IDLOV� WKHUH DUH 5DMFKPDQ PHDVXUHV z IRU ZKLFK DQ\ SDLU RI
GLVWLQFW HOHPHQWV IURP I] w J LV QRW RUWKRJRQDO LQ / x �7� z� �7KHRUHP �����

r 7KH SRVLWLRQ RSHUDWRU RQ / x �7� z� LV ZHDNO\ TXDVLVWDEOH IRU HYHU\ FRQWLQXRXV
PHDVXUH z �7KHRUHP �����

$PRQJ RWKHU FRQFOXVLRQV� ZH KLJKOLJKW WKH IROORZLQJ RQHV�

r :HDNO\ TXDVLVWDELOLW\ GRHV QRW LPSO\ SRZHU ERXQGHGQHVV �5HPDUN �����

r 7KH SRVLWLRQ RSHUDWRU RQ / x �7� z� LV ZHDNO\ VWDEOH LI DQG RQO\ LI z LV D
5DMFKPDQ PHDVXUH� DQG WKHUHIRUH ZHDN VWDELOLW\ LV HQVXUHG E\ WHVWLQJ WKH
XQLW IXQFWLRQ RQO\ �3URSRVLWLRQ �����

7KH SDSHU LV RUJDQLVHG LQWR � PRUH VHFWLRQV� %DVLF QRWDWLRQ DQG WHUPLQRORJ\ DUH
RXWOLQHG LQ 6HFWLRQ �� 7KH GHpQLWLRQV RI ZHDN VWDELOLW\ DQG ZHDN TXDVLVWDELOLW\ DUH
SRVHG DQG FRPSDUHG LQ 6HFWLRQ �� 6HFWLRQ � DQDO\VHV ZKHQ D ZHDNO\ TXDVLVWDEOH RS�
HUDWRU LV SRZHU ERXQGHG� 7KH UHODWLRQ RI 5DMFKPDQ PHDVXUHV ZLWK ZHDN VWDELOLW\ RI
WKH SRVLWLRQ RSHUDWRU� ZKLFK LV XQLWDU\� LV H[SORUHG LQ 6HFWLRQ �� 6HFWLRQ � GLVFXVVHV
WKH FRQQHFWLRQ RI 5DMFKPDQ PHDVXUHV z DQG RUWKRQRUPDO EDVHV IRU / x �7� z�� 6HFWLRQ
� FORVHV WKH SDSHU E\ VKRZLQJ WKDW HYHU\ pQLWH FRQWLQXRXV PHDVXUH RYHU WKH XQLW FLU�
FOH LV TXDVL�5DMFKPDQ� ZKLFK LPSOLHV ZHDN TXDVLVWDELOLW\ IRU WKH SRVLWLRQ RSHUDWRU�
DQG DOVR FKDUDFWHULVHV QRQ�5DMFKPDQ FRQWLQXRXV PHDVXUHV�
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�� 3U HO LP LQDU LHV� 1RW DW LRQ DQG 7 HU P LQRO RJ\

7KH IROORZLQJ FRPPRQ QRWDWLRQ ZLOO EH DGRSWHG WKURXJKRXW WKH SDSHU� 7KH VHW
RI DOO LQWHJHUV� WKH VHW RI DOO SRVLWLYH LQWHJHUV� WKH UHDO OLQH� DQG WKH FRPSOH[ SODQH
DUH GHQRWHG E\ =� 1� 5� DQG &� UHVSHFWLYHO\� DV XVXDO� /HW '� ' � � DQG 7 VWDQG IRU
WKH RSHQ XQLW GLVF� WKH FORVHG XQLW GLVF� DQG WKH XQLW FLUFOH LQ &� UHVSHFWLYHO\�
$ VHTXHQFH RI SRVLWLYH LQWHJHUV LV DQ\ 1�YDOXHG IXQFWLRQ RQ 1� 5HJDUG WKH VHW

RI DOO SRVLWLYH LQWHJHUV HTXLSSHG ZLWK LWV QDWXUDO ZHOO�RUGHULQJ DV WKH VHOI�LQGH[HG
VHTXHQFH RI DOO SRVLWLYH LQWHJHUV VR WKDW 1  IQJ vO� � � $ VXEVHTXHQFH IQ � J  IQ � J � � �
RI WKH SRVLWLYH LQWHJHUV LV D VWULFWO\ LQFUHDVLQJ �LQpQLWH� VHTXHQFH RI SRVLWLYH LQWHJHUV�

:H ZLOO LGHQWLI\ D VXEVHTXHQFH RI WKH SRVLWLYH LQWHJHUV �L�H�� D VWULFWO\ LQFUHDVLQJ
IXQFWLRQ RI 1 LQWR LWVHOI� ZLWK LWV UDQJH� 6R D VXEVHTXHQFH RI WKH SRVLWLYH LQWHJHUV
LV LGHQWLpHG ZLWK DQ LQpQLWH� RUGHUHG� VWULFWO\ LQFUHDVLQJ VXEVHW RI 1� :H ZLOO XVH
WKH VDPH QRWDWLRQ� IQ � J� IRU HLWKHU RI WKHP�
$ VXEVHTXHQFH RI WKH SRVLWLYH LQWHJHUV LV QRQWULYLDO LI WKHUH LV DQRWKHU �HTXDOO\ LQ�

pQLWH� VXEVHTXHQFH VXFK WKDW WKH\ KDYH QR FRPPRQ HQWULHV� ,I IQ  � J LV D VXEVHTXHQFH
RI D VXEVHTXHQFH IQ � J RI WKH SRVLWLYH LQWHJHUV� WKHQ IQ � J LV D VXSHUVHTXHQFH RI IQ  � J�
$ VXEVHTXHQFH ID v$¡ J RI DQ $�YDOXHG VHTXHQFH ID v J �IRU DQ DUELWUDU\ QRQHPSW\

VHW $� LV WKH UHVWULFWLRQ RI ID v J WR D VXEVHTXHQFH IQ � J RI WKH SRVLWLYH LQWHJHUV�
$ VXEVHTXHQFH IQ � J RI WKH SRVLWLYH LQWHJHUV LV RI ERXQGHG LQFUHPHQWV �RU ERXQGHG

JDSV� LI VXS � �Q �>¢ � b Q � � � �� $ VXEVHTXHQFH ID v ¡ J RI ID v J LV ERXQGHGO\ VSDFHG LI
LW LV LQGH[HG E\ D VXEVHTXHQFH IQ � J RI ERXQGHG LQFUHPHQWV�
/HW ; EH D QRUPHG VSDFH DQG OHW ; £ EH LWV GXDO� $Q ; �YDOXHG VHTXHQFH I[ v J LV

ZHDNO\ FRQYHUJHQW LI WKHUH H[LVWV DQ [ � ; VXFK WKDW OLP v I�[ v �  I�[� IRU HYHU\
I � ; £ � HTXLYDOHQWO\� VXFK WKDW OLP v I�[ v b [�  � IRU HYHU\ I � ; £ � ,Q WKLV FDVH WKH
VHTXHQFH I[ v J LV VDLG WR FRQYHUJH ZHDNO\ WR WKH YHFWRU [� $Q DOWHUQDWLYH DQG XVXDO
QRWDWLRQ IRU ZHDN FRQYHUJHQFH WKDW ZLOO EH XVHG KHUH LV [ v

¤
b� [ RU [ Z � OLP v [ v �

7KH DERYH GHpQLWLRQ LV VWDQGDUG� $FWXDOO\� ?HYHU\ QRUPHG VSDFH KDV D WRSRORJ\
7 >WKH ZHDN WRSRORJ\ RQ LW@ VXFK WKDW D VHTXHQFH LQ WKH VSDFH FRQYHUJHV ZHDNO\ WR
DQ HOHPHQW RI WKH VSDFH LI DQG RQO\ LI WKH VHTXHQFH FRQYHUJHV WR WKDW HOHPHQW ZLWK
UHVSHFW WR 7 � )RU WKH PRPHQW� WKH VWDWHPHQW WKDW D VHTXHQFH FRQYHUJHV ZHDNO\ WR D
FHUWDLQ OLPLW VKRXOG QRW EH WDNHQ WR LPSO\ DQ\WKLQJ PRUH WKDQ LV VWDWHG >DERYH@� >���
S����@� :H ZLOO QRW GHDO ZLWK ZHDN WRSRORJ\ WHFKQLTXHV KHUH �DOWKRXJK WKH DERYH
GHpQLWLRQ FRLQFLGHV ZLWK FRQYHUJHQFH LQ WKH ZHDN WRSRORJ\ LQ D +LOEHUW VSDFH��

�� : HDN 4XDVLVW DELO LW \� 'HI LQLW LRQ DQG & RP SDU LVRQ

%\ DQ RSHUDWRU RQ D QRUPHG VSDFH ; ZH PHDQ D ERXQGHG OLQHDU �L�H�� D FRQWLQXRXV
OLQHDU� WUDQVIRUPDWLRQ RI ; LQWR LWVHOI� /HW %> ; @ VWDQG IRU WKH QRUPHG DOJHEUD RI DOO
RSHUDWRUV RQ ; � 7KH VDPH QRWDWLRQ N N ZLOO EH XVHG IRU WKH QRUP RQ ; DQG IRU WKH
LQGXFHG XQLIRUP QRUP RQ %> ; @� $Q RSHUDWRU 7 LV VWURQJO\ VWDEOH LI OLP v N7 v [N  �
IRU HYHU\ [ � ; �QRWDWLRQ� 7 v¦¥b� 2�� DQG XQLIRUPO\ VWDEOH LI OLP v N7 v N  � �QRWD�
WLRQ� 7 v¨§b� 2�� $Q RSHUDWRU 7 LV SRZHU ERXQGHG LI VXS v N7 v N��� HTXLYDOHQWO\�
LI VXS v N7 v [N�� IRU HYHU\ [ LQ ; E\ WKH %DQDFK^6WHLQKDXV 7KHRUHP LI ; LV D
%DQDFK VSDFH� ,I ; LV D +LOEHUW VSDFH� WKHQ LW ZLOO EH GHQRWHG E\ +� DQG 7 £ � %>+@
ZLOO VWDQG IRU WKH DGMRLQW RI 7 � %>+@�
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'HpQLWLRQ ���� �D� $Q RSHUDWRU 7 � %> ; @ LV ZHDNO\ VWDEOH LI� IRU HDFK [ � ; �

OLP v MI�7 v [�M  � IRU HYHU\ I � ; £ �
1RWDWLRQ� Z � OLP v 7 v [  �� RU 7 v [

¤
b� �� IRU HYHU\ [ � ; � RU VLPSO\ 7 v ¤

b� 2�

�E� (TXLYDOHQWO\� DQ RSHUDWRU 7 RQ D QRUPHG VSDFH ; LV ZHDNO\ VWDEOH LI� IRU HDFK
YHFWRU [ � ; DQG HYHU\ VXEVHTXHQFH IQ � J RI WKH SRVLWLYH LQWHJHUV�

OLP � MI�7 v$¡ [�M  � IRU HYHU\ I � ; £ �
�F� $ VXEVHTXHQFH IQ � J RI WKH SRVLWLYH LQWHJHUV LV D VXEVHTXHQFH RI ZHDN VWDELOLW\ RI
7 IRU [ LI OLP � MI�7 v$¡ [�M  � IRU HYHU\ I� 6R D ZHDNO\ VWDEOH RSHUDWRU LV RQH IRU ZKLFK
HYHU\ VXEVHTXHQFH RI WKH SRVLWLYH LQWHJHUV LV RI ZHDN VWDELOLW\ IRU HYHU\ YHFWRU [�

$Q RSHUDWRU LV ZHDNO\ TXDVLVWDEOH LI WKH OLPLW LQ 'HpQLWLRQ ����D� LV ZHDNHQHG WR
OLPLW LQIHULRU�

'HpQLWLRQ ���� �D� $Q RSHUDWRU 7 � %> ; @ LV ZHDNO\ TXDVLVWDEOH LI� IRU HDFK [ � ; �

OLP LQI v MI�7 v [�M  � IRU HYHU\ I � ; £ �
1RWDWLRQ� Z � OLP LQI v 7 v [  � IRU HYHU\ [ � ; �

�E� (TXLYDOHQWO\� DQ RSHUDWRU 7 RQ D QRUPHG VSDFH ; LV ZHDNO\ TXDVLVWDEOH LI IRU
HDFK YHFWRU [ � ; WKHUH H[LVWV D VXEVHTXHQFH IQ � J  IQ � �[�J RI WKH SRVLWLYH LQWHJHUV
�WKDW PD\ GHSHQG RQ HDFK [ EXW GRHV QRW GHSHQG RQ I� IRU ZKLFK

OLP � MI�7 v$¡ [�M  � IRU HYHU\ I � ; £ �
�F� 6R D ZHDNO\ TXDVLVWDEOH RSHUDWRU LV DQ RSHUDWRU 7 VXFK WKDW� IRU HYHU\ [� WKHUH LV
DW OHDVW RQH VXEVHTXHQFH IQ � J �WKDW PD\ GHSHQG RQ [� RI ZHDN VWDELOLW\ RI 7 IRU [�

:HDN TXDVLVWDELOLW\ SOD\V DQ LPSRUWDQW UROH LQ ZHDN O�VHTXHQWLDO VXSHUF\FOLFLW\
>��� &RUROODULHV ��� DQG ���@�

,W LV ZRUWK QRWLFLQJ WKDW WKH QRWLRQ RI TXDVLVWDELOLW\ KDV D SODLQ PHDQLQJ RQO\ LQ
WKH ZHDN FDVH� ,Q IDFW� LW LV HDV\ WR VHH �FI� >��� 3URSRVLWLRQV ��� DQG ���@� WKDW

OLP VXS v N7 v N  � �� OLP v N7 v N  �
�L�H�� TXDVLVWDELOLW\ DOZD\V FRLQFLGHV ZLWK VWDELOLW\ IRU WKH XQLIRUP FDVH� DQG

LI VXS v N7 v N��� WKHQ OLP VXS v N7 v [N � �[ � ; �� OLP v N7 v [N � �[ � ;

�L�H�� IRU SRZHU�ERXQGHG RSHUDWRUV� TXDVLVWDELOLW\ FRLQFLGHV ZLWK VWDELOLW\ IRU WKH
VWURQJ FDVH�� )RU WKH ZHDN FDVH WKH QRWLRQV DUH GLoHUHQW HYHQ IRU SRZHU�ERXQGHG
RSHUDWRUV >��� 3URSRVLWLRQ ���@� +RZHYHU� LI D ZHDNO\ TXDVLVWDEOH RSHUDWRU 7 LV VXFK
WKDW IRU HYHU\ [ WKHUH LV D VXEVHTXHQFH IQ � J RI ZHDN VWDELOLW\ WKDW LV RI ERXQGHG
LQFUHPHQWV� WKHQ 7 LV ZHDNO\ VWDEOH >��� 7KHRUHP ���@�

'HpQLWLRQ ���� �D� $Q RSHUDWRU 7 � %> ; @ LV KRPRJHQHRXVO\ ZHDNO\ TXDVLVWDEOH LI
LW LV ZHDNO\ TXDVLVWDEOH DQG WKHUH H[LVWV D VXEVHTXHQFH IQ � J RI WKH SRVLWLYH LQWHJHUV
VXFK WKDW� IRU DOO YHFWRUV [ � ; �

OLP � MI�7 v ¡ [�M  � IRU HYHU\ I � ; £ �
�E� (TXLYDOHQWO\� WKHUH LV D VXEVHTXHQFH RI ZHDN VWDELOLW\ FRPPRQ WR DOO [ � ; �

�F� 6R D KRPRJHQHRXVO\ ZHDNO\ TXDVLVWDEOH LV D ZHDNO\ TXDVLVWDEOH RSHUDWRU 7 VXFK
WKDW DW OHDVW RQH VXEVHTXHQFH IQ � J RI ZHDN VWDELOLW\ RI 7 GRHV QRW GHSHQG RQ [�



¶ ��� �����*���j�j�����>�
,W LV FOHDU WKDW HYHU\ ZHDNO\ VWDEOH RSHUDWRU LV KRPRJHQHRXVO\ ZHDNO\ TXDVLVWDEOH�

DQG HYHU\ KRPRJHQHRXVO\ ZHDNO\ TXDVLVWDEOH RSHUDWRU LV ZHDNO\ TXDVLVWDEOH� $Q H[�
DPSOH RI D SRZHU�ERXQGHG RSHUDWRU WKDW LV QRW ZHDNO\ VWDEOH EXW LV KRPRJHQHRXVO\
ZHDNO\ TXDVLVWDEOH ZLOO EH SUHVHQWHG LQ 5HPDUN ����

'HpQLWLRQ ���� �D� $Q RSHUDWRU 7 RQ D QRUPHG VSDFH ; LV ZHDNO\ XQVWDEOH LI WKHUH
H[LVWV DQ [ · � ; VXFK WKDW

MI · �7 v [ · �M �� � DV Q � � IRU VRPH I · � ; £ �
1RWDWLRQ� 7 v ¤

b�̧2�

�E� (TXLYDOHQWO\� 7 � %> ; @ LV ZHDNO\ XQVWDEOH LI WKHUH H[LVWV D YHFWRU [ · � ; � D
IXQFWLRQDO I · � ; £ � DQG D VXEVHTXHQFH IP � J RI WKH SRVLWLYH LQWHJHUV VXFK WKDW

MI · �7 ¹ ¡ [ · �M �� � DV M � ��

�F� $ VXEVHTXHQFH IP � J RI WKH SRVLWLYH LQWHJHUV LV D VXEVHTXHQFH RI ZHDN LQVWDELOLW\

RI 7 IRU VRPH YHFWRU [ · LI LW LV QRW D VXEVHTXHQFH RI ZHDN VWDELOLW\ RI 7 IRU [ · � $
ZHDNO\ XQVWDEOH RSHUDWRU LV RQH IRU ZKLFK WKHUH H[LVWV DW OHDVW RQH VXEVHTXHQFH RI
WKH SRVLWLYH LQWHJHUV WKDW LV RI ZHDN LQVWDELOLW\ IRU VRPH YHFWRU [ · �
5HP DU N � �� � 7KH SDUWLFXODU FDVH RI RSHUDWRUV DFWLQJ RQ D +LOEHUW VSDFH ,�

,I I7 v J LV D %> ; @�YDOXHG VHTXHQFH RI RSHUDWRUV RQ D FRPSOH[ LQQHU SURGXFW VSDFH
; ZLWK LQQHU SURGXFW K � L� WKHQ WKH SRODULVDWLRQ LGHQWLW\ HQVXUHV WKDW

K7 v [ � \L  
�¶ bK7 v �[� \� � �[� \�L b K7 v �[b \� � �[b \�L

� LK7 v �[� L\� � �[� L\�L b K7 v �[b L\� � �[b L\�L
c

IRU HYHU\ [� \ � ; � ZKLFK LPSOLHV WKDW WKH IROORZLQJ DVVHUWLRQV DUH HTXLYDOHQW�

�D� OLP v MK7 v [ � \LM  � IRU HYHU\ [� \ � ; �

�E� OLP v MK7 v [ �[LM  � IRU HYHU\ [ � ; �

XFK DQ HTXLYDOHQFH VWLOO KROGV LQ D UHDO +LOEHUW VSDFH LI HDFK 7 v LV VHOI�DGMRLQW�
5HP DU N � �� � 7KH SDUWLFXODU FDVH RI RSHUDWRUV DFWLQJ RQ D +LOEHUW VSDFH ,,�

7KH 5LHV] 5HSUHVHQWDWLRQ 7KHRUHP LQ D +LOEHUW VSDFH HQVXUHV WKDW LI + LV D +LOEHUW
VSDFH ZLWK LQQHU SURGXFW K � L� WKHQ DFFRUGLQJ WR 'HpQLWLRQV ��� DQG ���� DQ RSHU�
DWRU 7 RQ + LV ZHDNO\ VWDEOH LI DQG RQO\ LI

�D� IRU HDFK [� +� OLP v MK7 v [ � \LM � IRU HYHU\ \ � + �L�H�� IRU HYHU\ [� \ � +��

$V ZH VDZ LQ 5HPDUN ���� LI + LV D FRPSOH[ +LOEHUW VSDFH� WKHQ WKLV LV HTXLYDOHQW WR

�E� OLP v MK7 v [ �[LM  � IRU HYHU\ [ � +�

6LPLODUO\� DQ RSHUDWRU 7 RQ D +LOEHUW + LV ZHDNO\ TXDVLVWDEOH LI DQG RQO\ LI

�F� IRU HDFK [� +� OLP LQI v MK7 v [ � \LM � IRU HYHU\ \ � + �L�H�� IRU HYHU\ [� \ � +��

7KDW LV� IRU HDFK [ � +� WKHUH LV D VXEVHTXHQFH IQ � J RI WKH SRVLWLYH LQWHJHUV VXFK WKDW
�G� OLP � MK7 v$¡ [ � \LM  � IRU HYHU\ \ � +�

5HP DU N � �� � 7KH SDUWLFXODU FDVH RI RSHUDWRUV DFWLQJ RQ D +LOEHUW VSDFH ,,,�

�D� :HDN VWDELOLW\ IRU DQ RSHUDWRU 7 RQ D +LOEHUW VSDFH + PHDQV WKDW WKH SRZHU
VHTXHQFH I7 v J VDWLVpHV WKH HTXLYDOHQW OLPLWLQJ FRQGLWLRQV �D� RU �E� LQ 5HPDUN ����
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6WURQJ VWDELOLW\ IRU DQ RSHUDWRU 7 RQ D +LOEHUW VSDFH + PHDQV OLP v N7 v [N � IRU
HYHU\ [ � +� ZKHUH N N LV WKH QRUP JHQHUDWHG E\ WKH LQQHU SURGXFW K � L� ZKLFK
FOHDUO\ LPSOLHV �EXW LV QRW LPSOLHG E\� ZHDN VWDELOLW\� 'LoHUHQWO\ IURP WKH VWURQJ
VWDELOLW\ FDVH� DQ RSHUDWRU 7 DQG LWV DGMRLQW 7 £ DUH ZHDNO\ VWDEOH WRJHWKHU�
�E� )RU ZHDN TXDVLVWDELOLW\ ZH FDQQRW H[SHFW LQ JHQHUDO D VLPSOLpHG FRXQWHUSDUW
ZLWK \ [� DV LQ WKH ZHDN VWDELOLW\ FDVH RI 5HPDUN ����E�� 7KH UHDVRQ LV WKLV� IRU DQ
DUELWUDU\ ZHDNO\ TXDVLVWDEOH RSHUDWRU 7� WKH VXEVHTXHQFH IQ � J DSSHDULQJ LQ 5HPDUN
����G� PD\ GHSHQG RQ [� ,QGHHG� WKH SRODULVDWLRQ LGHQWLW\ GLVSOD\HG LQ 5HPDUN ���
RQO\ HQVXUHV WKDW IRU HDFK [ � + WKHUH LV D VXEVHTXHQFH IQ � �[�J VXFK WKDW

K7 v$¡�»"¼:½ [ � \L  �¶ bK7 v$¡�»"¼�½ �[� \� � �[� \�L b K7 v$¡�»"¼�½ �[��[b \� � �[b \�L

� LK7 v$¡�»"¼:½ �[� L\� � �[� L\�L b K7 v$¡�»"¼�½ �[��[b L\� � �[b L\�L
c

IRU HYHU\ \ � +� DQG WKH FRQGLWLRQ OLP v K7 v ¡ »"¼:½ [ �[L  � IRU HYHU\ [ � + GRHV QRW
JXDUDQWHH WKDW WKH ULJKW�KDQG VLGH JRHV WR ]HUR IRU HYHU\ \ � +� )RU KRPRJHQHRXV
ZHDN VWDELOLW\� KRZHYHU� D VLPSOLpHG FRXQWHUSDUW ZLWK \ [� DV LQ WKH ZHDN VWDELOLW\
FDVH RI 5HPDUN ����E�� KROGV QDWXUDOO\�

�� : HDN 4XDVLVW DELO LW \ DQG 3RZ HU %RXQGHGQHVV

7KH IROORZLQJ H[DPSOHV VHW D VWDUWLQJ SRLQW IRU D GLVFXVVLRQ RQ SRZHU ERXQGHG�
QHVV DQG ZHDN TXDVLVWDELOLW\�

([DP SO H � �� � $ SRZHU�ERXQGHG� ZHDNO\ XQVWDEOH EXW ZHDNO\ TXDVLVWDEOH RSHUDWRU�

&RQVLGHU WKH )RJXHO RSHUDWRU )  
b ¾j¿ÁÀÂ ¾ c

RQ WKH GLUHFW VXP +j+ RI D VHSDUD�

EOH LQpQLWH�GLPHQVLRQDO +LOEHUW VSDFH + ZLWK LWVHOI� +HUH 6 LV D XQLODWHUDO VKLIW RI
PXOWLSOLFLW\ RQH DFWLQJ RQ + WKDW VKLIWV DQ RUWKRQRUPDO EDVLV IH w J w�� · IRU +� 7KH
RSHUDWRU 3 � +� + LV WKH RUWKRJRQDO SURMHFWLRQ RQWR WKH FORVXUH RI WKH VSDQ RI
IH � � M � -J� ZKHUH - LV DQ\ VSDUVH LQpQLWH VXEVHW RI SRVLWLYH LQWHJHUV ZLWK WKH IRO�
ORZLQJ SURSHUW\� LI L� M � - DQG L � M� WKHQ �L � M �H�J�� -  IM y � � M  � w � N y �J�
WKH VHW RI DOO LQWHJUDO SRZHUV RI �� LV D VDPSOH RI D VSDUVH VHW RI SRVLWLYH LQWHJHUV
VDWLVI\LQJ WKH DERYH SURSHUW\�� 7KH RSHUDWRU ) ZDV WKH pUVW H[DPSOH RI D SRZHU�
ERXQGHG RSHUDWRU WKDW LV QRW VLPLODU WR D FRQWUDFWLRQ >�� �@� 0RUHRYHU� LW LV DOVR
NQRZQ WKDW ) LV QRW ZHDNO\ VWDEOH� 6LQFH� IRU HYHU\ Q y ��

) v  b ¾j¿3ÃÄÀ ÃÂ ¾OÃ c
ZLWK 3 v ¢ �  

; vÅRÆ · 6 £Ov �
Å
36

Å
DQG 3 ·  2�

ZH JHW
K) v ¢ � [ � \L  K6 £Xv ¢ � [ � � \ � L� K3 v ¢ � [ x � \ � L� K6 v ¢ � [ x � \ x L

IRU HYHU\ [  �[ � � [ x � � +j+ DQG HYHU\ \  �\ � � \ x � � +j+� $V 6 DQG 6 £ DUH
ERWK ZHDNO\ VWDEOH� LW IROORZV WKDW

OLP LQI v MK) v [ � \LM  � �� OLP LQI v MK3 v [ x � \ � LM  ��
,W ZDV VKRZQ LQ >��� 3URSRVLWLRQ ���@ WKDW WKH SRZHU�ERXQGHG DQG ZHDNO\ XQVWDEOH
RSHUDWRU ) LV ZHDNO\ TXDVLVWDEOH E\ H[KLELWLQJ D VXEVHTXHQFH IQ � J RI WKH SRVLWLYH
LQWHJHUV VXFK WKDW HDFK 3 v ¡ [ x LV RUWKRJRQDO WR \ � IRU HYHU\ [ x � \ � � +� DQG VR
IK3 v$¡ [ x � \ � LJ LV D QXOO VXEVHTXHQFH�
5HP DU N � �� � 6SHFWUDO SURSHUWLHV DQG SRZHU ERXQGHGQHVV LQ ZHDN TXDVLVWDELOLW\�

�D� $V LQ WKH ZHDN VWDELOLW\ FDVH� ZHDN TXDVLVWDELOLW\ LV DOVR SUHVHUYHG XQGHU WKH
DGMRLQW RSHUDWLRQ� $Q RSHUDWRU 7 DQG LWV DGMRLQW 7 £ � ERWK DFWLQJ RQ D +LOEHUW VSDFH
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+� DUH ZHDNO\ TXDVLVWDEOH WRJHWKHU EHFDXVH

OLP LQI v MK7 v [ � \LM  OLP LQI v MK7 £Xv \ �[LM IRU HYHU\ [� \ � +�

�E� /HW I�À �7 �� �È �7 �� � É �7 �J EH WKH FODVVLFDO SDUWLWLRQ RI WKH VSHFWUXP ��7 � RI 7
FRQVLVWLQJ RI SRLQW VSHFWUXP� UHVLGXDO VSHFWUXP� DQG FRQWLQXRXV VSHFWUXP� UHVSHF�
WLYHO\� 6LQFH 7 DQG 7 £ DUH ZHDNO\ TXDVLVWDEOH WRJHWKHU DQG �È �7 �  �À �7 £ � £ Q�À �7 ��
ZLWK e £ GHQRWLQJ WKH VHW RI DOO FRPSOH[ FRQMXJDWHV RI DQ DUELWUDU\ VHW e~&� LW IRO�
ORZV WKDW OLP LQI v MK7 v [ � \LM � IRU HYHU\ [� \ �+ LPSOLHV

b
� È �7 � > �À �7 �c ? 7 "�

7KXV� DV LQ WKH FDVH RI ZHDN VWDELOLW\�

7 LV ZHDNO\ TXDVLVWDEOH  � ��7 � ? 7 v � É �7 ��
7KH *HOIDQG^%HXUOLQJ IRUPXOD IRU WKH VSHFWUDO UDGLXV VKRZV DW RQFH WKDW D SRZHU�
ERXQGHG RSHUDWRU LV VXFK WKDW ��7 � v ' � � 7KHUHIRUH�

7 LV ZHDNO\ TXDVLVWDEOH DQG SRZHU ERXQGHG  � ��7 � ? 7 v � É �7 � v ' � �
,I DQ RSHUDWRU 7 RQ D %DQDFK VSDFH LV SRZHU XQERXQGHG �L�H�� QRW SRZHU ERXQGHG��

WKHQ WKHUH LV DQ [ · � ; IRU ZKLFK VXS v N7 v [ · N � E\ WKH %DQDFK^6WHLQKDXV 7KH�
RUHP� $FWXDOO\� WKH %DQDFK^6WHLQKDXV 7KHRUHP LPSOLHV WKDW WKHUH LV D GHQVH * Ê �VHW
RI VXFK SRLQWV� %HLQJ SRZHU XQERXQGHG� KRZHYHU� LV QRW HQRXJK WR HQVXUH WKDW WKHUH
H[LVWV D YHFWRU [ · IRU ZKLFK OLP v N7 v [ · N �� �$ GHWDLOHG GLVFXVVLRQ DORQJ WKLV OLQH
FDQ EH IRXQG LQ� H�J�� >�� 6HFWLRQV ,,,�� DQG ,,,��� SS������@��

)RU ODFN RI D EHWWHU QDPH� ZH FDOO D SRZHU XQERXQGHG RSHUDWRU 7 LWHUDWHG FRHUFLYH�
RU VLPSO\ FRHUFLYH IRU VKRUW� LI WKHUH LV D YHFWRU [ · LQ WKH QRUPHG VSDFH ; VXFK WKDW
OLP v N7 v [ · N �� RWKHUZLVH LW ZLOO EH FDOOHG QRQFRHUFLYH � ,Q DQ\ FDVH� LI 7 LV SRZHU
XQERXQGHG� WKHQ IRU HYHU\ YHFWRU [ · VXFK WKDW VXS v N7 v [ · N �� WKHUH H[LVWV D
VXEVHTXHQFH IP � J RI WKH SRVLWLYH LQWHJHUV VXFK WKDW OLP � N7 ¹ ¡ [ · N �� ZKLFK ZLOO
EH FDOOHG D VXEVHTXHQFH RI FRHUFLYLW\ RI 7 IRU WKH YHFWRU [ · �
7KHRUHP ���� $ ZHDNO\ TXDVLVWDEOH RSHUDWRU 7 RQ D %DQDFK VSDFH ; LV HLWKHU

�D� SRZHU ERXQGHG

RU

�E � � QRQFRHUFLYH SRZHU XQERXQGHG�

0RUHRYHU� LI LW LV D QRQFRHUFLYH SRZHU XQERXQGHG RSHUDWRU� WKHQ

�E x � IRU DQ\ YHFWRU [ · � ; VXFK WKDW VXS v N7 v [ · N  �� HYHU\ SDLU RI VXEVHTXHQFHV�

RQH RI FRHUFLYLW\ IRU [ · DQG WKH RWKHU RI ZHDN VWDELOLW\ IRU [ · � KDV D pQLWH VHW

RI FRPPRQ HQWULHV�

3URRI� )LUVW UHFDOO WKDW LI I[ v J LV D ZHDNO\ FRQYHUJHQW VHTXHQFH ZLWK HQWULHV LQ D
QRUPHG VSDFH ; � WKHQ LW LV ERXQGHG� WKDW LV�

[ v
¤

b� [ IRU VRPH [ � ;  � VXS v N[ v N � �� �[�

1RZ OHW ; EH D %DQDFK VSDFH DQG OHW 7 EH DQ RSHUDWRU RQ ; �

�D� 7KH DERYH LPSOLFDWLRQ DQG DQ DSSOLFDWLRQ RI WKH %DQDFK^6WHLQKDXV 7KHRUHP
HQVXUH WKH ZHOO�NQRZQ UHODWLRQ�

ZHDN VWDELOLW\ LPSOLHV SRZHU ERXQGHGQHVV�

)XUWKHUPRUH� WKHUH DOVR H[LVW SRZHU�ERXQGHG ZHDNO\ TXDVLVWDEOH RSHUDWRUV WKDW DUH
QRW ZHDNO\ VWDEOH �VHH� H�J�� ([DPSOH ����� 7KLV VHWWOHV WKH SRZHU�ERXQGHG FDVH�
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�E� 6XSSRVH 7 LV QRW SRZHU ERXQGHG� 7KHQ WKHUH H[LVWV D YHFWRU [ · LQ ; IRU ZKLFK
VXS v N7 v [ · N  �� 6R WKHUH LV D VXEVHTXHQFH IP � J RI WKH SRVLWLYH LQWHJHUV VXFK WKDW

OLP � N7 ¹ ¡ [ · N  �� �\�

,I 7 LV ZHDNO\ TXDVLVWDEOH� WKHQ WKHUH DOVR H[LVWV D VXEVHTXHQFH IQ � J VXFK WKDW
7 v ¡ [ · ¤

b� �

DQG KHQFH� E\ �[��
VXS � N7 v ¡ [ · N � �� �]�

�E � � ,I 7 LV D FRHUFLYH SRZHU XQERXQGHG RSHUDWRU� WKHQ ZH FDQ WDNH D YHFWRU [ · IRU
ZKLFK WKH VXEVHTXHQFH IP � J LQ �\� PD\ EH UHSODFHG E\ WKH ZKROH VHTXHQFH IQJ RI
DOO SRVLWLYH LQWHJHUV WR JHW

OLP v N7 v [ · N  ��

DQG VR WKHUH LV QR VXEVHTXHQFH RI WKH SRVLWLYH LQWHJHUV WKDW GRHV QRW VDWLVI\ WKH
DERYH OLPLW� +HQFH WKH LQHTXDOLW\ LQ �]� OHDGV WR D FRQWUDGLFWLRQ� &RQVHTXHQWO\� LI 7
LV ZHDNO\ TXDVLVWDEOH DQG SRZHU XQERXQGHG� WKHQ LW LV QRQFRHUFLYH�

�E x � 1H[W VXSSRVH 7 LV D QRQFRHUFLYH SRZHU XQERXQGHG� ,I WKH VXEVHTXHQFHV IP � J
DQG IQ � J LQ �\� DQG �]� KDYH DQ LQpQLWH VHW RI FRPPRQ SDLUZLVH GLVWLQFW HQWULHV�
WKHQ WKHUH H[LVWV D VXEVHTXHQFH RI WKH SRVLWLYH LQWHJHUV PDGH RI HOHPHQWV IURP
IP � J ? IQ � J� ZKLFK LV D VXEVHTXHQFH RI ERWK IP � J DQG IQ � J� 7KLV VXEVHTXHQFH RI
ERWK IP � J DQG IQ � J OHDGV WR DQRWKHU FRQWUDGLFWLRQ DFFRUGLQJ WR �\� DQG �]��
5HP DU N � �� � 3RZHU XQERXQGHG ZHDNO\ TXDVLVWDEOH RSHUDWRUV�

$V LV DOVR ZLGHO\ NQRZQ� LI 7 LV D %DQDFK�VSDFH RSHUDWRU� WKHQ

U�7 �� � �� 7 v §b� 2  � 7 v ¥b� 2  � 7 v ¤b� 2

 � VXS v N7 v N� �  � U�7 �x ��

ZKHUH U�7 � VWDQGV IRU WKH VSHFWUDO UDGLXV RI 7� ,Q SDUWLFXODU� VWURQJ VWDELOLW\ LPSOLHV
ZHDN VWDELOLW\� ZKLFK LQ WXUQ LPSOLHV SRZHU ERXQGHGQHVV�

OLP v N7 v [N  � �[ � ;  � �[ � ; � OLP v MI�7 v [�M  � � I � ; £
 � VXS v N7 v [N � � �[ � ; �

$OVR� LI 7 LV D SRZHU�ERXQGHG RSHUDWRU RQ D QRUPHG VSDFH ; � WKHQ VWURQJ TXDVLVWD�
ELOLW\ FRLQFLGHV ZLWK VWURQJ VWDELOLW\ >��� 3URSRVLWLRQ ���@� WKDW LV�

VXS v N7 v N��  �
Q
OLP v N7 v [N � �[ � ; �� OLP LQI v N7 v [N � �[ � ;

R
�

GLoHUHQWO\ IURP WKH ZHDN FDVH� ZKHUH WKHUH DUH SRZHU�ERXQGHG ZHDNO\ TXDVLVWDEOH
RSHUDWRUV WKDW DUH QRW ZHDNO\ VWDEOH� DV ZH VDZ LQ ([DPSOH ���� +RZHYHU� HYHQ IRU
WKH VWURQJ FDVH� WKH HTXLYDOHQFH FROODSVHV IRU D SRZHU XQERXQGHG RSHUDWRU�

OLP LQI v N7 v [N � �[� ; � � VXS v N7 v N�� 	 VXS v N7 v N �  � 7 v ¥b�̧2�

,QGHHG� WKHUH H[LVWV D GLDJRQDO RSHUDWRU 7 RQ WKH +LOEHUW VSDFH C x ¢ ZLWK
N7 v N  �ORJ Q� ÌÍ �Q � 1 DQG LQI v N7 v [N  � �[ � C x ¢

>�� 6HFWLRQ ,,,���$� S���@� 6LQFH 7 LV SRZHU XQERXQGHG� LW LV ZHDNO\ XQVWDEOH DQG VR
VWURQJO\ XQVWDEOH� 6LQFH� IRU HYHU\ [ � C x ¢ � LQI v N7 v [N � LPSOLHV OLP LQI v N7 v [N �
�EHFDXVH N7 v ¢ � [Nx N7N N7 v [N�� ZH JHW OLP LQI v MK7 v [ � \LM  � IRU HYHU\ [� \ � C x ¢
�E\ WKH 6FKZDUW] LQHTXDOLW\�� 6R WKH RSHUDWRU 7 LV SRZHU XQERXQGHG DQG VWURQJO\
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TXDVLVWDEOH DQG VR ZHDNO\ TXDVLVWDEOH� 6XPPLQJ XS� �L� IRU SRZHU XQERXQGHG RS�
HUDWRUV� VWURQJ TXDVLVWDELOLW\ GRHV QRW LPSO\ VWURQJ VWDELOLW\� DQG� PRUHRYHU� �LL�

ZHDN TXDVLVWDELOLW\ GRHV QRW LPSO\ SRZHU ERXQGHGQHVV�

�� 5DMF KP DQ 0 HDVXU HV DQG : HDN 6W DELO LW \

7KH ��DOJHEUD RI DOO %RUHO VXEVHWV RI WKH UHDO OLQH 5 ZLOO EH GHQRWHG E\ ��:LWK `

VWDQGLQJ IRU SRZHU VHW� � Ï ·�Ð � ½  � ? `�>�� ��� GHQRWHV WKH ��DOJHEUD RI DOO %RUHO VXE�
VHWV RI WKH LQWHUYDO >�� ��� DQG � Ñ VWDQGV IRU WKH ��DOJHEUD RI DOO %RUHO VXEVHWV RI WKH
XQLW FLUFOH 7� $OO PHDVXUHV LQ WKLV SDSHU DUH SRVLWLYH� 7KH WHUPV ?DEVROXWHO\ FRQWLQX�
RXV�� ?FRQWLQXRXV�� ?VLQJXODU�� DQG ?GLVFUHWH� IRU D JLYHQ PHDVXUH DUH ZLWK UHVSHFW
WR QRUPDOLVHG /HEHVJXH PHDVXUH RQ � Ñ �RU RQ � Ï ·�Ð � ½ �� XQOHVV RWKHUZLVH VWDWHG�
)RU HDFK LQWHJHU N � =� FRQVLGHU WKH IXQFWLRQ H w � 7� 7 JLYHQ E\ H w �]�  ] w IRU

HYHU\ ] � 7� )RU VLPSOLFLW\� ZULWH ] w LQVWHDG RI H w � DV XVXDO� DQG OHW WKH FRXQWDEOH
FROOHFWLRQ RI �WULJRQRPHWULF� IXQFWLRQV IH w J w�ÒKÓ EH ZULWWHQ VLPSO\ DV I] w J�
$ pQLWH PHDVXUH z � � Ñ � 5 LV D 5DMFKPDQ PHDVXUH LI

=

Ñ ] w Gz � � DV MNM � ��

7KH WHUP FRPHV IURP WKH SLRQHHULQJ ZRUNV RI 5DMFKPDQ RQ WKLV FODVV RI PHDVXUHV
�H�J�� >��� [�@�� 6LQFH %RUHO PHDVXUHV RYHU D FRPSDFW PHWULF VSDFH DUH UHJXODU �VHH�
H�J�� >�� &RUROODU\ ����@�� 5DMFKPDQ PHDVXUHV DUH UHJXODU EHFDXVH WKH\ DUH pQLWH �DQG
VR %RUHO� DFWLQJ RYHU WKH FRPSDFW VHW 7� 7DNH WKH PHDVXUH u � � Ï ·�Ð � ½ � 5 LQGXFHG E\
WKH PHDVXUH z � � Ñ � 5 YLD D IXQFWLRQ q � >�� ���7� GHpQHG E\ u�$�  z�q�$�� IRU
HYHU\ $ � � Ï ·�Ð � ½ � +HUH WKH IXQFWLRQ q LV JLYHQ E\ q�o�  H xXÔ Å"Õ IRU HYHU\ o � >�� ���
ZKLFK LV PHDVXUDEOH� LQYHUWLEOH� ZLWK D PHDVXUDEOH LQYHUVH� 7KH DERYH LQWHJUDO VHWV
WKH )RXULHU WUDQVIRUP Hu RI u� QDPHO\�

Hu�N�  
=

Ñ ] w Gz�]�  
=

Ï ·�Ð � ½
H xXÔ Å w Õ Gu�o� IRU HYHU\ N � =�

)RU D VXUYH\ RQ 5DMFKPDQ PHDVXUHV� VHH >��@ �DOVR >��� &KDSWHU ,;@�� 7KH EDVLF
SURSHUWLHV UHTXLUHG KHUH DUH OLVWHG EHORZ �VHH� H�J�� >��� S���� DQG 7KHRUHP ���@��

(YHU\ DEVROXWHO\ FRQWLQXRXV pQLWH PHDVXUH LV 5DMFKPDQ

�LQ SDUWLFXODU� WKH QRUPDOLVHG /HEHVJXH PHDVXUH RQ � Ñ LV 5DMFKPDQ��
(YHU\ 5DMFKPDQ PHDVXUH LV FRQWLQXRXV �
7KHUH H[LVW VLQJXODU 5DMFKPDQ PHDVXUHV

�DQG VR HYHU\ VLQJXODU 5DMFKPDQ PHDVXUH LV VLQJXODU�FRQWLQXRXV��

7KDW HYHU\ DEVROXWHO\ FRQWLQXRXV pQLWH PHDVXUH LV 5DMFKPDQ LV UHDGLO\ YHULpHG
E\ WKH 5LHPDQQ^/HEHVJXH /HPPD DQG WKH 5DGRQ^1LNRG\P 7KHRUHP� 7KDW HYHU\
5DMFKPDQ PHDVXUH LV FRQWLQXRXV LV D GLUHFW FRQVHTXHQFH RI 1HGHU
V DQVZHU >���
6HFWLRQ �@ WR D TXHVWLRQ SRVHG E\ 5LHV] >��� S����@�

7KH &DQWRU^/HEHVJXH PHDVXUH u Ï ·�Ð � ½ RQ � Ï ·�Ð � ½ LV D FODVVLFDO H[DPSOH RI D VLQJXODU�
FRQWLQXRXV PHDVXUH RQ � Ï ·�Ð � ½ � 7KLV LV WKH %RUHO�6WLHOWMHV PHDVXUH RQ � Ï ·�Ð � ½ JHQHUDWHG
E\ WKH &DQWRU IXQFWLRQ DVVRFLDWHG ZLWK WKH &DQWRU VHW LQ >�� �@� 7KH &DQWRU^/HEHVJXH
PHDVXUH z Ñ RQ � Ñ LV REWDLQHG IURP u Ï ·�Ð � ½ DV z Ñ �(�  z Ï ·�Ð � ½

b
q � � �(�c IRU ( � � Ñ �

ZKHUH WKH WUDQVIRUPDWLRQ q � >�� ���7 ZDV GHpQHG DERYH� 7KXV z Ñ LV D VLQJXODU�
FRQWLQXRXV PHDVXUH RQ � Ñ �7KLV� KRZHYHU� LV QRW D 5DMFKPDQ PHDVXUH� ,QGHHG� LW FDQ
EH YHULpHG WKDW

5 Ñ ] w Gz Ñ  5 Ñ ] µ>w Gz Ñ �L�H�� au Ñ �N�  au Ñ ��N�� IRU DOO N � =� 7KH pUVW
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H[DPSOH RI D VLQJXODU 5DMFKPDQ PHDVXUH LV GXH WR 0HQFKRo >��� /HPPD S���� DQG
7KHRUHP S����@� ZKLFK LV D PRGLpFDWLRQ RI WKH &DQWRU^/HEHVJXH PHDVXUH RQ � Ñ �
5DMFKPDQ PHDVXUHV FDQ EH HTXLYDOHQWO\ GHpQHG DV

=

Ñ ] v Gz � � DV Q � �

ZLWK Q UXQQLQJ RYHU WKH SRVLWLYH LQWHJHUV� ,QGHHG�
5 Ñ ] v Gz  5 Ñ ] v Gz  5 Ñ ] � v Gz

IRU HYHU\ Q � 1 ZKHQHYHU ] � 7� VR WKDW
5 Ñ ] v Gz� � DV Q�� LPSOLHV

5 Ñ ] w Gz� �
DV MNM��� DQG WKH UHYHUVH LPSOLFDWLRQ LV WULYLDO�

/HW z EH D pQLWH PHDVXUH RQ � Ñ � &RQVLGHU WKH +LOEHUW VSDFH / x �7� z� RI DOO FRP�
SOH[ IXQFWLRQV RQ 7 WKDW DUH VTXDUH�LQWHJUDEOH ZLWK UHVSHFW WR z� /HW 
 � 7 � 7
GHQRWH WKH LGHQWLW\ IXQFWLRQ �L�H�� 
�]�  ] z�D�H� IRU ] � 7�� 7DNH WKH PXOWLSOLFD�
WLRQ RSHUDWRU 8 × Ð Ø RQ / x �7� z� LQGXFHG E\ WKH LGHQWLW\ IXQFWLRQ 
� DOVR UHIHUUHG WR
DV WKH SRVLWLRQ RSHUDWRU >�� S���@� ZKLFK LV GHpQHG E\

�8 × Ð Ø ���]�  
�]���]�  ]��]� z�D�H� IRU ] � 7 IRU HYHU\ � � / x �7� z��
6R �8 × Ð Ø ���]�  ]��]� DQG �8 £× Ð Ø ���]�  ]��]�  ] � � ��]� IRU HYHU\ � � / x �7� z�
DQG HYHU\ ] � 7� 7KXV 8 £× Ð Ø 8 × Ð Ø  8 × Ð Ø 8 £× Ð Ø  ,� DQG 8 × Ð Ø LV XQLWDU\ RQ / x �7� z��
)URP QRZ RQ� 8 × Ð Ø ZLOO DOZD\V GHQRWH VXFK D PXOWLSOLFDWLRQ RSHUDWRU �L�H�� WKH
SRVLWLRQ RSHUDWRU� RQ / x �7� z� IRU VRPH PHDVXUH z RQ � Ñ � :LWK K � L VWDQGLQJ IRU
WKH LQQHU SURGXFW LQ / x �7� z�� ZH JHW IRU HYHU\ �� � � / x �7� z� DQG HYHU\ N � =�

K8 w× Ð Ø � ��L  
=

Ñ ] w ��Gz VR WKDW K8 w× Ð Ø � � �L  
=

Ñ ] w Gz�
DV 8 × Ð Ø LV LQYHUWLEOH� )RU WKH VHFRQG LGHQWLW\� DOVR EHFDXVH WKH XQLW IXQFWLRQ � �7�7
�L�H�� ��]�  � z�D�H� IRU ] � 7� OLHV LQ / x �7� z� VLQFH WKH PHDVXUH z LV pQLWH�
%HIRUH SURYLQJ WKH QH[W SURSRVLWLRQ� ZH QHHG WKH IROORZLQJ WZR ZHOO�NQRZQ DX[�

LOLDU\ UHVXOWV� ZKLFK ZLOO EH RIWHQ UHTXLUHG LQ WKH VHTXHO�

5HP DU N � �� � $ VWDQGDUG DSSOLFDWLRQ RI WKH 6WRQH^:HLHUVWUDVV 7KHRUHP�

/HW 3 �7� GHQRWH WKH VHW RI DOO SRO\QRPLDOV T� � � �7d7� & LQ ] DQG ] �RI WKH IRUP3 Ù
w Ð Ú Æ · o w Ð Ú ] w ] �

Ú
ZLWK ] w � ] Ú �7 DQG o w Ð Ú �&�� 7KLV LV D FODVVLFDO GHQVLW\ UHVXOW�

3 �7� LV GHQVH LQ �/ Û �7� z�� N N Û � IRU HYHU\ pQLWH PHDVXUH z LQ � Ñ �
DQG WKHUHIRUH �/ Û �7� z�� N N Û � LV VHSDUDEOH� IRU HYHU\ S y ��

,QGHHG� VLQFH 7 LV FRPSDFW LQ &� WKH 6WRQH^:HLHUVWUDVV 7KHRUHP HQVXUHV WKDW 3 �7�
LV GHQVH LQ WKH OLQHDU VSDFH &�7� RI DOO FRPSOH[�YDOXHG FRQWLQXRXV IXQFWLRQV RQ 7
HTXLSSHG ZLWK WKH VXS�QRUP� 7KXV� VLQFH WKH PHDVXUH z LV pQLWH� 3 �7� LV GHQVH LQ
&�7� HTXLSSHG ZLWK WKH QRUP�S IRU DQ\ S y �� $OVR� VLQFH RQ FRPSDFW PHWULF VSDFHV
%RUHO PHDVXUHV �LQ SDUWLFXODU� pQLWH PHDVXUHV� DUH UHJXODU� WKH VHW &�7� LV GHQVH
LQ �/ Û �7� z�� N N Û � IRU HYHU\ S y � �VHH� H�J�� >�� 7KHRUHP �����@�� %\ WUDQVLWLYLW\�
3 �7� LV GHQVH LQ �/ Û �7� z�� N N Û �� 7KHUHIRUH� DV 3 �7� LV D OLQHDU VSDQ RI D FRXQWDEOH
VHW� �/ Û �7� z�� N N Û � LV VHSDUDEOH�
5HP DU N � �� � $ EDVLF FKDQJH RI YDULDEOHV IRU FRPSOH[ PHDVXUDEOH IXQFWLRQV�

/HW z EH D PHDVXUH RQ � Ñ � DQG OHW J EH D QRQQHJDWLYH � Ñ �PHDVXUDEOH IXQFWLRQ RQ 7�
7DNH WKH PHDVXUH u Ü RQ � Ñ JHQHUDWHG E\ z YLD J GHpQHG E\ u Ü �(�  5 Ý

J Gz IRU HYHU\



� · ��� �����*���j�j�����>�
( LQ � Ñ � 5HFDOO WKH HOHPHQWDU\ LGHQWLW\ 5 Ý

KJ Gz 
5 Ý

K Gu Ü IRU HYHU\ ( LQ � Ñ DQG
HYHU\ QRQQHJDWLYH � Ñ �PHDVXUDEOH IXQFWLRQ K RQ 7� $OVR� IRU DQ DUELWUDU\ &�YDOXHG
� Ñ �PHDVXUDEOH IXQFWLRQ t RQ 7� FRQVLGHU LWV QDWXUDO GHFRPSRVLWLRQ LQWR QRQQHJDWLYH
SDUWV JLYHQ E\ t  K � b K x � L�K µ b K ¶ �� ZKHUH K � � K x � K µ � DQG K ¶ DUH QRQQHJDWLYH
� Ñ �LQWHJUDEOH IXQFWLRQV RQ 7� 6R ZH JHW WKH LGHQWLW\ IRU FRPSOH[ IXQFWLRQV�

= Ý t J Gz  
= Ý t Gu Ü IRU HYHU\ ( � � Ñ �

7KH HTXLYDOHQFH EHWZHHQ �D� DQG �H� LQ 3URSRVLWLRQ ��� EHORZ ZDV PHQWLRQHG LQ
>�� S�����@ DQG XVHG LQ >�� 7KHRUHP �@� >��� 3URSRVLWLRQ ���@� DQG >�� (T� �����@�

3URSRVLWLRQ ���� ,I z LV D pQLWH PHDVXUH RQ � Ñ DQG 8 × Ð Ø LV WKH SRVLWLRQ RSHUDWRU

RQ / x �7� z�� WKHQ WKH IROORZLQJ DVVHUWLRQV DUH SDLUZLVH HTXLYDOHQW�

�D� z LV D 5DMFKPDQ PHDVXUH�

�E�
5 Ñ ] w J Gz� � DV MNM�� IRU HYHU\ J �/ Û �7� z�� IRU HYHU\ Sy ��

�F�
5 Ñ ] w J Gz� � DV MNM�� IRU HYHU\ J �/ Û �7� z�� IRU VRPH Sy ��

�G�
5 Ñ ] w J Gz� � DV MNM�� IRU DQ DUELWUDU\ SRVLWLYH J � / Þ �7� z��

�H� 8 × Ð Ø LV ZHDNO\ VWDEOH�

�I� K8 v× Ð Ø � ��L� � DV Q�� IRU DQ DUELWUDU\ � �/ Þ �7� z� ZLWK � � M�M�

�J� K8 v× Ð Ø � � �L� � DV Q���

3URRI� �D�  � �E�� /HW T  
3 Ù
w Ð Ú Æ · o w Ð Ú ] w ] �

Ú
EH DQ DUELWUDU\ SRO\QRPLDO LQ 3 �7�

VR WKDW
5 Ñ ] v T Gz  3 Ù

w Ð Ú Æ · o w Ð Ú
5 Ñ ] v ] w ] � Ú Gz� ,I z LV D 5DMFKPDQ PHDVXUH� WKHQ

=

Ñ ] v
¢ w � Ú Gz � � DV Q � � IRU HDFK N� C � =�

7KXV
5 Ñ ] v T Gz � � IRU HYHU\ T � 3 �7�� $V ZH VDZ LQ 5HPDUN ���� 3 �7� LV GHQVH

LQ �/ Û �7� z�� N N Û � IRU HYHU\ Sy �� +HQFH OLP v
5 Ñ ] v J Gz  �� DQG VLQFH 5 Ñ ] w J Gz  5 Ñ ] � w J Gz� ZH JHW 5 Ñ ] w J Gz � � DV MNM � �� IRU HYHU\ J � / Û �7� z�� IRU HYHU\ Sy ��

�E�  � �F� WULYLDOO\ DQG �F�  � �G� VLQFH / Þ �7� z�~/ Û �7� z� IRU Sy � DV z LV pQLWH�
�G�  � �D�� 6XSSRVH �G� KROGV� 7DNH DQ DUELWUDU\ SRVLWLYH J � / Þ �7� z�� DQG OHW
J � �  �Ü GHQRWH LWV UHFLSURFDO� ZKLFK LV DJDLQ D SRVLWLYH IXQFWLRQ LQ / Þ �7� z�� VR WKDW
ERWK J DQG J � � OLH LQ / Û �7� z� IRU HYHU\ S y �� RQFH z LV pQLWH� 6LQFH J LV SRVLWLYH DQG
PHDVXUDEOH� WDNH WKH PHDVXUH u Ü RQ � Ñ GHpQHG E\ u Ü �(�  5 Ý

J Gz IRU HYHU\ ( LQ � Ñ
VR WKDW u Ü LV DEVROXWHO\ FRQWLQXRXV ZLWK UHVSHFW WR z �L�H�� u Ü � z� DQG pQLWH DV J OLHV
LQ /

�
�7� z�� $OVR� E\ 5HPDUN ��� ZLWK t ] w � ZH JHW 5 Ý ] w Gu Ü  5 Ý

] w J Gz IRU HYHU\
( � � Ñ DQG N � =� +HQFH� ZLWK (  7� �G� LPSOLHV

5 Ñ ] w Gu Ü � � DV MNM � �� DQG

VR Q Ü LV 5DMFKPDQ� $SSO\LQJ 5HPDUN ��� DJDLQ� QRZ ZLWK t ] w J � � � LW IROORZV WKDW
= Ý ] w J � � Gu Ü  

= Ý ] w J � � J Gz  
= Ý ] w Gz �"�

IRU HYHU\ ( LQ � ß DQG HYHU\ N LQ =� 7KHUH DUH WZR ZD\V WR FRQFOXGH WKH SURRI�
&RQFOXVLRQ �� $V u Ü LV 5DMFKPDQ DQG J � � � /

�
�7� z��

5 Ñ ] w J � � Gu Ü � � DV MNM � �
EHFDXVH �D�  � �F�� 6R z LV 5DMFKPDQ E\ �"� ZLWK (  7� 7KXV �D� KROGV WUXH�
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&RQFOXVLRQ �� )RU N  �� �"� VD\V WKDW z�(�  
5 Ý

Gz  
5 Ý

J � � Gu Ü IRU HYHU\ ( � � Ñ �
DQG VR z LV DEVROXWHO\ FRQWLQXRXV ZLWK UHVSHFW WR u Ü �L�H�� z� u Ü �� 6LQFH u Ü LV
5DMFKPDQ� LW IROORZV WKDW z PXVW EH 5DMFKPDQ� �7KLV LV D UHVXOW GXH WR 0LOLFHU�
*UXB]HZVND �FI� >��� S���� �����@�� 7KXV� DJDLQ� �D� KROGV WUXH�

�D�  � �H�� 7DNH DQ DUELWUDU\ � � / x �7� z�� 7KXV M�M x � /
�
�7� z�� ,I z LV 5DMFKPDQ�

WKHQ OLP v
5 Ñ ] v M�M x Gz  � VLQFH �D�  � �E�� (TXLYDOHQWO\� OLP v

5 Ñ 8 v× Ð Ø M�M x Gz  ��
ZKLFK PHDQV OLP v K8 v× Ð Ø � ��L  �� 6LQFH WKLV KROGV IRU HYHU\ � � / x �7� z�� DQG VLQFH
/ x �7� z� LV D FRPSOH[ +LOEHUW VSDFH� LW IROORZV WKDW OLP v K8 v× Ð Ø � ��L  � IRU HYHU\
�� � � / x �7� z� �FI� 5HPDUN ����D�E��� WKDW LV� 8 × Ð Ø LV ZHDNO\ VWDEOH�
�H�  � �I� VLQFH / Þ �7� z� ~ / x �7� z� EHFDXVH z LV pQLWH�
�I�  � �D� EHFDXVH K8 v× Ð Ø � ��L  5 Ñ ] v M�M x Gz DQG �G�  � �D��

�J� �� �D� DV
5 Ñ ] v Gz  K8 v× Ð Ø ���L DQG � � / x �7� z� EHFDXVH z LV pQLWH�

�� 5DMF KP DQ 0 HDVXU HV DQG 7 U LJRQRP HW U LF %DVLV

7KH FHOHEUDWHG 5LHPDQQ^/HEHVJXH /HPPD VD\V WKDW
5 Ñ ] w ��]� Gy � � DV MNM � � IRU HYHU\ � � / x �7� y�
LI y LV WKH QRUPDOLVHG /HEHVJXH PHDVXUH RQ � Ñ �

7KHUH DUH GLoHUHQW SURRIV RI WKH 5LHPDQQ^/HEHVJXH /HPPD� 2QH RI WKHP WKDW XVHV
D ELW RI RSHUDWRU WKHRU\� ZKRVH DUJXPHQW LV UHTXLUHG LQ WKH SURRI RI 7KHRUHP ���
EHORZ� LV WKLV� $V REVHUYHG LQ 5HPDUN ���� VLQFH 7 LV FRPSDFW DQG y LV pQLWH� / x �7� y�
LV VHSDUDEOH� 7DNH WKH SRVLWLRQ RSHUDWRU 8 × Ð à RQ / x �7� y� VR WKDW 5 Ñ ] w ��]� Gy�]�  
K8 w× Ð à � � �L� ZKHUH � DQG WKH XQLW IXQFWLRQ � DUH LQ / x �7� y�� 5HFDOO WKDW �L�
y LV WKH QRUPDOLVHG /HEHVJXH PHDVXUH  �I] w J LV DQ RUWKRQRUPDO EDVLV IRU / x �7�y�
�WKLV LV D VWDQGDUG UHVXOW� VHH� H�J�� >�� S���@�� WKDW �LL� LI DQ RSHUDWRU VKLIWV DQ RUWKR�
QRUPDO EDVLV WKDW UXQV RYHU =� WKHQ LW LV D ELODWHUDO VKLIW RI PXOWLSOLFLW\ RQH� DQG
DOVR WKDW �LLL� HYHU\ ELODWHUDO VKLIW RQ D +LOEHUW VSDFH LV ZHDNO\ VWDEOH� 7KXV� VLQFH
8 × Ð Ø VKLIWV I] w J w�Ò$Ó LQGHSHQGHQWO\ RI WKH PHDVXUH z RQ � Ñ �

I] w J w:ÒKÓ LV DQ RUWKRQRUPDO EDVLV IRU / x �7� z�  � 8 × Ð Ø LV ZHDNO\ VWDEOH�
7KHUHIRUH� K8 v× Ð à �� �L � � DV Q � � IRU HYHU\ �� � � / x �7� y�� DQG VR 5 Ñ ] v Gy  
K8 w× Ð à �� �L � � DV MNM � �� 7KLV SDYHV WKH ZD\ IRU WKH QH[W UHVXOW�

7KHRUHP ���� /HW z EH D PHDVXUH RQ � Ñ �
�D� ,I I] w J LV DQ RUWKRQRUPDO EDVLV IRU / x �7� z�� WKHQ z LV D 5DMFKPDQ SUREDELOLW\

PHDVXUH�

7KH FRQYHUVH RI �D� IDLOV �

�E� ,I D SUREDELOLW\ PHDVXUH z RQ � Ñ LV VLQJXODU�FRQWLQXRXV DQG FRQFHQWUDWHG RQ

WKH pUVW TXDGUDQW RI 7� WKHQ I] w J LV D VHW RI SDLUZLVH QRQRUWKRJRQDO XQLW

YHFWRUV LQ / x �7� z��
7KLV LPSOLHV WKH QH[W UHVXOW �

�F� 7KHUH H[LVW 5DMFKPDQ SUREDELOLW\ PHDVXUHV z RQ � Ñ IRU ZKLFK WKH VHW I] w J
RI XQLW YHFWRUV LV QRW RUWKRJRQDO LQ / x �7� z��
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3URRI� �D � � :LWK H w �]�  ] w � 7 IRU HYHU\ ] � 7 DQG IH w J EHLQJ DQ RUWKRQRUPDO
VHW� ZH JHW �  NH w N x  

5 Ñ MH w �]�M x Gz�]�  
5 Ñ M] w M x Gz�]�  5 Ñ Gz  z�7� IRU HYHU\ N

LQ =� VR WKDW z LV D SUREDELOLW\ PHDVXUH�
�D x � 8VLQJ WKH SUHFHGLQJ DUJXPHQW� ZH FDQ YHULI\ WKDW

5 Ñ ] v Gz � � DV Q � �� ,Q

IDFW� OHW 8 × Ð Ø EH WKH SRVLWLRQ RSHUDWRU RQ / x �7� z�� ,I I] w J LV DQ RUWKRQRUPDO EDVLV
IRU / x �7� z�� WKHQ 8 × Ð Ø LV D ELODWHUDO VKLIW �EHFDXVH LW VKLIWV WKLV RUWKRQRUPDO EDVLV�
L�H�� 8 × Ð Ø H w  H w ¢ � �� 7KXV� OLNH HYHU\ ELODWHUDO VKLIW� LW LV ZHDNO\ VWDEOH� VR WKDW
K8 v× Ð Ø � � �L  5 Ñ ] v Gz � � DV Q � �� 7KLV LPSOLHV

5 Ñ ] w Gz � � DV MNM � �� 6LQFH
z LV pQLWH E\ �D�� LW LV D 5DMFKPDQ PHDVXUH�

�E� 7KH VHW I] w J LV PDGH XS RI XQLW YHFWRUV EHFDXVH z LV D SUREDELOLW\ PHDVXUH� /HW
z EH VLQJXODU ZLWK UHVSHFW WR WKH QRUPDOLVHG /HEHVJXH PHDVXUH y RQ � Ñ � ZLWK
VXSSRUW >z@  & v I] � 7 � ]  H xXÔ ÅRÕ IRU HYHU\ o � >��

�¶ @J� 6R WKHUH H[LVWV DQ � Ñ �
PHDVXUDEOH SDUWLWLRQ I%�&J RI 7 VXFK WKDW z�%�  y�&�  � DQG y�7�  y�%�  
z�&�  z�7�  �� +HQFH�

K] � �L  

=

Ñ ] Gz�]�  
=

É ] Gz�]�  
=

Ï ·�Ð Ìá:â
H xXÔ Å"Õ Gu�o��

ZLWK u � � Ï ·�Ð � ½ � >�� �@ JLYHQ E\ u�$�  z�q�$�� IRU HYHU\ VHW $ � � Ï ·�Ð � ½ � ZKHUH
q � >�� ��� 7 LV WKH KRPHRPRUSKLVP �WKXV D PHDVXUDEOH WUDQVIRUPDWLRQ� RI >�� ��
�HTXLSSHG ZLWK WKH XVXDO PHWULF LQ 5� RQWR 7 �HTXLSSHG ZLWK WKH DUF�OHQJWK PHWULF
LQ 7� GHpQHG E\ q�o�  H xXÔ ÅRÕ IRU HYHU\ o� >�� ��� 7KH VXSSRUW RI u LV >u@  q � � �>z@�
 q � � �&� v >�� �¶ @� ,I z LV FRQWLQXRXV ZLWK UHVSHFW WR y� WKHQ u LV FRQWLQXRXV ZLWK
UHVSHFW WR WKH UHVWULFWLRQ WR >�� �� RI WKH /HEHVJXH PHDVXUH RQ �� DQG WKHUHIRUH
VLQJOHWRQV LQ >��

�¶ @ KDYH u�PHDVXUH ]HUR� 7KHUHIRUH� VLQFH u LV FRQFHQWUDWHG RQ >�� �¶ @�
K] � �L  

=

» ·�Ð Ìá ½
FRV��}o� Gu�o� � L

=

» ·�Ð Ìá ½
VLQ��}o� Gu�o��

$V WKH IXQFWLRQV FRV��} � DQG VLQ��} � DUH VWULFWO\ SRVLWLYH HYHU\ZKHUH RQ ���
�¶ � DQG

u
b
���

�¶ �c  u
b
>��

�¶ @c  z�&�  � ! �� WKH DERYH LQWHJUDOV DUH VWULFWO\ SRVLWLYH� 6R

K] � �L � ��

$ VLPLODU DUJXPHQW VKRZV WKDW� IRU HYHU\ � � N � =�

K] w � �L  
=

» ·6Ð Ìã á ½
H x>w�Ô Å"Õ Gu�o� � ��

&RQVLGHU DJDLQ WKH SRVLWLRQ RSHUDWRU 8 × Ð Ø RQ / x �7� z�� 6LQFH 8 × Ð Ø LV XQLWDU\� DQG VR
LV 8

�× Ð Ø � ZH JHW K]
�
� � ]

�
�L  K8

�× Ð Ø � �8 �× Ð Ø �L  K� ��L IRU HYHU\ �� � LQ / x �7� z��
HYHU\ M LQ =� DQG HYHU\ PHDVXUH z RQ � Ñ � 7KXV� E\ WKH DERYH LQHTXDOLW\�

K]
�.¢ w � ] � L � � IRU HYHU\ M� N � = ZLWK N � ��

�F� $V ZH VDZ EHIRUH� WKHUH DUH VLQJXODU�FRQWLQXRXV 5DMFKPDQ PHDVXUHV RQ � Ñ � 7KXV
WKHUH DUH VLQJXODU�FRQWLQXRXV 5DMFKPDQ SUREDELOLW\ PHDVXUHV FRQFHQWUDWHG RQ WKH
pUVW TXDGUDQW �FRPSUHVV DQG URWDWH LWV VXSSRUW LI QHFHVVDU\�� 6R �E� LPSOLHV �F��

5HP DU N � �� � -XVW RUWKRJRQDOLW\ LV ORVW�

+RZHYHU� WKH VWDQGDUG DSSOLFDWLRQ RI WKH 6WRQH^:HLHUVWUDVV 7KHRUHP VXPPDULVHG
LQ 5HPDUN ��� VD\V WKDW� IRU DQ\ pQLWH PHDVXUH z RQ � Ñ � IXQFWLRQV RQ / Û �7� z� DUH
DSSUR[LPDWHG E\ WKH WULJRQRPHWULF SRO\QRPLDOV LQ 3 �7�� ,Q RWKHU ZRUGV� XVLQJ WKH
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DUJXPHQW LQ WKH SURRI RI 3URSRVLWLRQ ��� �IRU �D�  � �E�� DQG VR IRU �D�  � �H���
IRU HYHU\ Sy ��

:
w�Ò$Ó I] w J / Û �7� z�� ZKHUH :

w�Ò$Ó I] w J LV WKH FORVXUH RI WKH OLQHDU
VSDQ RI I] w J �VHH� H�J�� >�� 7KHRUHP ���@ IRU WKH FDVH RI /HEHVJXH PHDVXUH RQ � Ñ ��

�� 5DMF KP DQ 0 HDVXU HV DQG : HDN 4XDVLVW DELO LW \

:H VD\ WKDW D pQLWH PHDVXUH z RQ � Ñ LV TXDVL�5DMFKPDQ LI

OLP LQI ä w ä å Þ
ppp
=

Ñ ] w Gz
ppp  �� (TXLYDOHQWO\� OLP LQI v

ppp
=

Ñ ] v Gz
ppp  ��

ZKLFK PHDQV WKDW WKHUH H[LVWV D VXEVHTXHQFH IQ � J RI WKH SRVLWLYH LQWHJHUV VXFK WKDW
=

Ñ ] v$¡ Gz � � DV M � ��

/HW z EH D pQLWH PHDVXUH RQ � Ñ �7KH /HEHVJXH 'HFRPSRVLWLRQ 7KHRUHP VD\V WKDW
z  z æ � z ¥ �

ZKHUH z æ DQG z ¥ DUH WKH DEVROXWHO\ FRQWLQXRXV DQG WKH VLQJXODU SDUWV RI z� UHVSHF�
WLYHO\� 0RUHRYHU� z ¥ FDQ EH IXUWKHU GHFRPSRVHG DV z ¥  z ¥�ç � z ¥�è \LHOGLQJ D UHpQH�
PHQW RI WKH DERYH GHFRPSRVLWLRQ �VHH� H�J�� >��� &RUROODU\ ����@��

z  z æ � z ¥Eç � z ¥�è �
ZKHUH z ¥Eç DQG z ¥Eè DUH WKH VLQJXODU�FRQWLQXRXV DQG VLQJXODU�GLVFUHWH �RU VLPSO\ GLV�
FUHWH� SDUWV RI z� 7KLV LV WKH FDQRQLFDO GHFRPSRVLWLRQ RI z� ZKHUH DQ\ RI WKHVHV SDUWV
PD\ EH DEVHQW� 7KH FRQWLQXRXV SDUW z ç RI z FRQVLVWV RI WKH DEVROXWHO\ FRQWLQXRXV
DQG VLQJXODU�FRQWLQXRXV SDUWV RI z�

z ç  z æ � z ¥�ç �
5HFDOO WKDW HYHU\ 5DMFKPDQ PHDVXUH LV FRQWLQXRXV� 7KXV� LI D PHDVXUH RQ � Ñ KDV

D VLQJXODU�GLVFUHWH SDUW� WKHQ LW LV QRW 5DMFKPDQ� 7KDW LV�

HYHU\ VLQJXODU�GLVFUHWH PHDVXUH RQ � Ñ LV QRW 5DMFKPDQ�
,Q RWKHU ZRUGV� IRU D VLQJXODU�GLVFUHWH PHDVXUH z ¥Eè RQ � Ñ � ZH KDYH

5 Ñ ] v Gz ¥�è �� � DV
Q � �� 7KHQ WKHUH H[LVWV DW OHDVW RQH VXEVHTXHQFH IP � J RI WKH SRVLWLYH LQWHJHUV IRU
ZKLFK

5 Ñ ] ¹ ¡ Gz ¥�è �� � DV M � �� 7KLV LV QRW WKH FDVH IRU HYHU\ VXEVHTXHQFH� ,Q IDFW�

VLQJXODU�GLVFUHWH PHDVXUHV RQ � Ñ PD\ EH TXDVL�5DMFKPDQ RU QRW�
7KH VLPSOHVW H[DPSOHV DUH WKHVH� 6HW z ¥�è  r � � WKH 'LUDF PHDVXUH DW � � 7� VR WKDW5 Ñ ] v Gz ¥Eè  ] v M �  � IRU DOO Q � 1� DQG KHQFH WKHUH LV QR VXEVHTXHQFH IQ � J IRU
ZKLFK OLP � 5 Ñ ] v$¡ Gz ¥�è  �� 2Q WKH RWKHU HQG� VHW z ¥Eè  r � � r � � VR WKDW

5 Ñ ] v Gz ¥�è  
] v M � � ] v M � �  � � �b�� v IRU HYHU\ Q � 1� DQG KHQFH LI IQ � J LV WKH VXEVHTXHQFH RI
DOO RGG LQWHJHUV� WKHQ

5 Ñ ] v$¡ Gz ¥�è  � IRU HYHU\ M � 1�

$JDLQ� HYHU\ 5DMFKPDQ PHDVXUH LV FRQWLQXRXV� EXW WKH FRQYHUVH IDLOV� $V ZH VDZ
LQ 6HFWLRQ �� WKH &DQWRU^/HEHVJXH PHDVXUH RQ � Ñ LV VLQJXODU�FRQWLQXRXV EXW QRW
5DMFKPDQ� $ FRQWLQXRXV PHDVXUH� KRZHYHU� LV DOZD\V TXDVL�5DMFKPDQ�

/HPPD ���� ,I D pQLWH PHDVXUH RQ � Ñ LV FRQWLQXRXV� WKHQ LW LV TXDVL�5DMFKPDQ�

3URRI� /HW z EH D pQLWH PHDVXUH RQ � Ñ � 7KH :LHQHU FKDUDFWHULVDWLRQ >��� (T�����
S���@ RI FRQWLQXRXV PHDVXUHV �VHH DOVR� H�J�� >��� S����@� VD\V WKDW z LV FRQWLQXRXV
LI DQG RQO\ LI WKH IROORZLQJ PHDQ RI ERXQGHG VXPPDQGV JRHV WR ]HUR�
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VR WKDW z LV QRW FRQWLQXRXV� 7KXV LI z LV FRQWLQXRXV� WKHQ LW LV TXDVL�5DMFKPDQ�

7KH &DQWRU^/HEHVJXH PHDVXUH RQ � Ñ � ZKLFK LV VLQJXODU�FRQWLQXRXV DQG ZDV
VKRZQ LQ 6HFWLRQ � QRW WR EH 5DMFKPDQ� LV TXDVL�5DMFKPDQ E\ /HPPD ����

6LQFH D PHDVXUH LV FRQWLQXRXV LI DQG RQO\ LI LW KDV QR VLQJXODU�GLVFUHWH SDUW LQ LWV
FDQRQLFDO GHFRPSRVLWLRQ� DQ LPPHGLDWH FRQVHTXHQFH RI /HPPD ��� UHDGV DV IROORZV�

&RUROODU\ ���� ,I D pQLWH PHDVXUH z RQ � Ñ KDV QR VLQJXODU�GLVFUHWH SDUW� WKHQ LW

LV TXDVL�5DMFKPDQ�

7KH FRQYHUVH IDLOV� DV ZH KDYH VHHQ EHIRUH� WKHUH DUH VLQJXODU�GLVFUHWH pQLWH PHDV�
XUHV u RQ � Ñ IRU ZKLFK OLP � 5 Ñ ] v$¡ G u  � IRU VRPH VXEVHTXHQFH IQ � J�
3URSRVLWLRQ ��� VKRZV WKDW 8 × Ð Ø LV ZHDNO\ VWDEOH LI DQG RQO\ LI WKH PHDVXUH z RQ

� Ñ LV D 5DMFKPDQ PHDVXUH� 7KXV� LI z LV DEVROXWHO\ FRQWLQXRXV� WKHQ 8 × Ð Ø LV ZHDNO\
VWDEOH� 7KH QH[W UHVXOW HVWDEOLVKHV D FRXQWHUSDUW IRU FRQWLQXRXV PHDVXUHV�

7KHRUHP ���� ,I D pQLWH PHDVXUH z RQ � Ñ LV FRQWLQXRXV� WKHQ WKH SRVLWLRQ RSHUDWRU

8 × Ð Ø RQ / x �7� z� LV ZHDNO\ TXDVLVWDEOH�

3URRI� /HW z EH D pQLWH FRQWLQXRXV PHDVXUH RQ � Ñ � WDNH D PHDVXUDEOH QRQQHJDWLYH
IXQFWLRQ J RQ 7� DQG FRQVLGHU WKH PHDVXUH u Ü RQ � Ñ JLYHQ E\ u Ü �(�  5 Ý

J Gz IRU
( �� Ñ �7KXV u Ü LV DEVROXWHO\ FRQWLQXRXV ZLWK UHVSHFW WR z� 6R u Ü LV FRQWLQXRXV ZLWK
UHVSHFW WR /HEHVJXH PHDVXUH RQ � Ñ EHFDXVH z LV� $OVR� VXSSRVH WKH QRQQHJDWLYH
IXQFWLRQ J OLHV LQ /

�
�7� z�� 7KHQ u Ü LV pQLWH� +HQFH� DFFRUGLQJ WR /HPPD ����

u Ü LV TXDVL�5DMFKPDQ� �e�

0RUHRYHU� IRU DQ DUELWUDU\ &�YDOXHG PHDVXUDEOH IXQFWLRQ t� ZH JHW �FI� 5HPDUN ����
=

Ñ t J Gz  
=

Ñ t Gu Ü � �ee�

%\ �e�� WKHUH LV D VXEVHTXHQFH IQ � J IRU ZKLFK OLP � 5 Ñ ] v$¡ Gu Ü  �� DQG VR E\ �ee�
=

Ñ ] v ¡ J Gz  
=

Ñ ] v ¡ Gu Ü � � DV M � ��

6LQFH WKLV KROGV IRU DQ DUELWUDU\ QRQQHJDWLYH IXQFWLRQ J LQ /
�
�7� z�� WDNH DQ DUEL�

WUDU\ IXQFWLRQ � LQ / x �7� z� VR WKDW M�M x LV D QRQQHJDWLYH IXQFWLRQ LQ / � �7� z�� 7KHQ
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K8 v$¡× Ð Ø � ��L  K] v$¡ � ��L  

=

Ñ ] v$¡ M�M x Gz � � DV M � � IRU HYHU\ � � / x �7� z��
6LQFH / x �7� z� LV D FRPSOH[ +LOEHUW VSDFH� 5HPDUN ��� HQVXUHV WKDW

K8 v$¡× Ð Ø � ��L � � DV M � � IRU HYHU\ �� � � / x �7� z��
5HP DU N ���� $ ZHDNO\ TXDVLVWDEOH RSHUDWRU ZLWK D FRPPRQ ZHDN VWDELOLW\ VXEVHTXHQFH�

$ ZHDNO\ XQVWDEOH RSHUDWRU WKDW LV ZHDNO\ TXDVLVWDEOH ZDV H[KLELWHG LQ ([DPSOH ����
7KHRUHP ��� HQVXUHV WKH H[LVWHQFH RI D VSHFLDO FODVV RI VXFK RSHUDWRUV� QDPHO\�

ZHDNO\ XQVWDEOH XQLWDU\ RSHUDWRUV WKDW DUH KRPRJHQHRXVO\ ZHDNO\ TXDVLVWDEOH�

,QGHHG� IRU WKH SRVLWLRQ RSHUDWRU 8 × Ð Ø FRQVLGHUHG LQ WKH SURRI RI 7KHRUHP ���� ZHDN
TXDVLVWDELOLW\ LV DFKLHYHG ZLWK D VXEVHTXHQFH IQ � J WKDW GHSHQGV RQO\ RQ WKH IDFW
WKDW z LV FRQWLQXRXV DFFRUGLQJ WR /HPPD ���� $OVR� WKH SURRI RI /HPPD ��� GRHV QRW
VSHFLI\ D VXEVHTXHQFH IQ � J HQVXULQJ WKDW z LV TXDVL�5DMFKPDQ� 7KXV� WKDW VXEVH�
TXHQFH IQ � J RI ZHDN VWDELOLW\ IRU 8 × Ð Ø LQ WKH SURRI RI 7KHRUHP ��� GRHV QRW GHSHQG
RQ WKH IXQFWLRQ J� DQG VR LW GRHV QRW GHSHQG RQ WKH IXQFWLRQ �� 7KHQ WKH VDPH IQ � J
LV D VXEVHTXHQFH RI ZHDN VWDELOLW\ RI DOO �� 7KLV KROGV LQ FRQWUDVW WR WKH JHQHUDO
FDVH RI 5HPDUN ����E�� ,Q RWKHU ZRUGV� DQG DFFRUGLQJ WR 'HpQLWLRQ ����

WKH SRVLWLRQ RSHUDWRU 8 × Ð Ø IRU D pQLWH QRQ�5DMFKPDQ FRQWLQXRXV PHDVXUH
z �LQ SDUWLFXODU� LI z LV QRW DEVROXWHO\ FRQWLQXRXV� LV XQLWDU\ �VR SRZHU
ERXQGHG� DQG KRPRJHQHRXVO\ ZHDNO\ TXDVLVWDEOH EXW QRW ZHDNO\ VWDEOH�

:H FORVH WKH SDSHU E\ JLYLQJ D FKDUDFWHULVDWLRQ IRU QRQ�5DMFKPDQ PHDVXUHV RU�
HTXLYDOHQWO\� IRU ZHDNO\ XQVWDEOH SRVLWLRQ RSHUDWRUV�

&RUROODU\ ���� /HW z EH D pQLWH FRQWLQXRXV PHDVXUH RQ � Ñ � ,I z LV QRW 5DMFKPDQ�

WKHQ WKHUH H[LVWV D QRQWULYLDO VXEVHTXHQFH IP � J RI WKH SRVLWLYH LQWHJHUV DQG D VXE�

VHTXHQFH IQ � J RI IP � J VXFK WKDW
=

Ñ ] ¹ ¡ Gz �� � DV M � � EXW OLP �
=

Ñ ] v ¡ Gz  ��
3URRI� ,I D pQLWH PHDVXUH RQ � Ñ LV QRW 5DMFKPDQ� WKHQ 5 Ñ ] v Gz �� � DV Q � �� 6R
WKHUH LV D VXEVHTXHQFH IP   � J RI WKH SRVLWLYH LQWHJHUV IRU ZKLFK

=

Ñ ] ¹&ì ¡ Gz �� � DV M � ��

$FFRUGLQJ WR /HPPD ���� z LV TXDVL�5DMFKPDQ� 6R WKHUH LV D VXEVHTXHQFH IQ � J RI
WKH SRVLWLYH LQWHJHUV IRU ZKLFK IQ � J DQG DOO LWV VXEVHTXHQFHV DUH VXFK WKDW

=

Ñ ] v ¡ Gz � � DV M � ��

�D� 1RZ LGHQWLI\ WKH VXEVHTXHQFHV IP   � J DQG IQ � J RI WKH SRVLWLYH LQWHJHUV ZLWK
VXEVHWV RI 1� &RQVLGHU WKH VXEVHW IP   � J>IQ � J RI 1 PDGH XS RI DOO HOHPHQWV IURP
IP   � J DQG IQ � J� $V D XQLRQ RI VHWV� WKH SRVVLEO\ FRPPRQ HOHPHQWV IURP IP   � J DQG
IQ � J DSSHDU RQO\ RQFH LQ IP   � J>IQ � J� /HW WKLV VHW EH SURSHUO\ RUGHUHG VR DV WR PDNH
LW VWULFWO\ LQFUHDVLQJ� DQG LGHQWLI\ LW ZLWK D VXEVHTXHQFH RI WKH SRVLWLYH LQWHJHUV� VD\
IP � J� 7KXV IP � J LV D VXSHUVHTXHQFH RI ERWK IP   � J DQG IQ � J DQG VR

=

Ñ ] ¹ ¡ Gz �� � DV M � ��



��Ç ��� �����*���j�j�����>�
�E� ,I IP   � J>IQ � J LV QRQWULYLDO� ZH DUH GRQH� ,I QRW� ZH FDQ PDNH LW QRQWULYLDO DV
IROORZV� )LUVW UHFDOO WKDW DQ DUELWUDU\ VXEVHTXHQFH RI WKH SRVLWLYH LQWHJHUV LV QRQ�
WULYLDO LI DQG RQO\ LI LWV FRPSOHPHQW LQ 1 LV DQRWKHU �LQpQLWH� VXEVHTXHQFH� 7KXV
WKH VXEVHTXHQFH IQ � J LV FHUWDLQO\ QRQWULYLDO� RWKHUZLVH� z ZRXOG EH 5DMFKPDQ�
7KXV WKHUH H[LVWV D SDLU RI FRPSOHPHQWDU\ VXEVHTXHQFHV RI IQ � J� VD\� IQ   � J DQG
IQ    � J� ERWK QRQWULYLDO ZLWK IQ   � J > IQ    � J  IQ � J DQG IQ   � J ? IQ    � J  "� VXFK WKDW5 Ñ ] v ì ¡ Gz � � DQG

5 Ñ ] v ì ì¡ Gz � � DV M � �� 7KHQ IP  � J>IQ  � J LV QRQWULYLDO� DQG WKH
DUJXPHQW LQ LWHP �D� KROGV IRU IQ � J UHSODFHG ZLWK IQ  � J�
1RQWULYLDOLW\ IRU WKH VHTXHQFH IP � J DQG WKH IDFW WKDW IQ � J LV D VXEVHTXHQFH RI

LW DUH FUXFLDO LQ WKH DERYH UHVXOW� DV ZHOO DV LQ WKH QH[W RQH� &RUROODU\ ��� FDQ EH
UHSKUDVHG LQ WHUPV RI WKH SRVLWLRQ RSHUDWRU 8 × Ð Ø RQ / x �7� z� DFFRUGLQJ WR 3URSRVL�
WLRQ ����D�H� DQG 7KHRUHP ���� DV IROORZV�

&RUROODU\ ���� /HW z EH D pQLWH FRQWLQXRXV PHDVXUH RQ � Ñ � ,I WKH SRVLWLRQ RSHUDWRU

8 × Ð Ø RQ / x �7� z� LV ZHDNO\ XQVWDEOH� WKHQ WKHUH H[LVWV D QRQWULYLDO VXEVHTXHQFH IP � J
RI WKH SRVLWLYH LQWHJHUV DQG D VXEVHTXHQFH IQ � J RI IP � J VXFK WKDW

8 ¹ ¡× Ð Ø � ¤
b�̧ � IRU VRPH � � / x �7� z� EXW 8 v$¡× Ð Ø � ¤

b� � IRU HYHU\ � � / x �7� z��

$F N QRZ O HGJHP HQW

, WKDQN P\ FR�DXWKRUV LQ UHIHUHQFH >�@ IRU VHYHUDO GLVFXVVLRQV ZH KDG RQ 5DMFKPDQ
PHDVXUHV DQG ZHDN VWDELOLW\�
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