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ABSTRACT. It is shown that weak quasistability does not imply power bound-
edness, but coercive power unbounded operators cannot be weakly quasistable.
Although a finite measure over the unit disc is a Rajchman measure if and only
if the position operator is weakly stable, it is shown that the position operator
is weakly quasistable for every finite continuous measure over the unit disc.
Corollaries linking Rajchman measures with weak stability and weak quasista-
bility follow the above results.

1. INTRODUCTION

Stability of an operator T' (e.g., acting on a normed space) means convergence
of the power sequences {T™} to the null operator. Weak stability holds when this
happens in the weak sense. Weak quasistability holds when convergence is weakened
to convergence of a subsequence. For recent expositions on weak stability and weak
quasistability, see [9] and [14], where these notions are discussed in detail and their
importance is explained and exemplified. The present paper investigates the relation
of weak stability and weak quasistability with Rajchman measures.

The main results proved here are:

o Weakly quasistable operators are either power bounded or noncoercively power
unbounded (Theorem 4.3).

o If {2*} is an orthonormal basis for L?(T, 1), then the measure z is Rajchman,
and the converse fails: there are Rajchman measures u for which any pair of
distinct elements from {z*} is not orthogonal in L?(T, ) (Theorem 6.1).

o The position operator on L?(T, ) is weakly quasistable for every continuous
measure 1 (Theorem 7.3).

Among other conclusions, we highlight the following ones:

o Weakly quasistability does not imply power boundedness (Remark 4.4).

o The position operator on L?(T,u) is weakly stable if and only if p is a
Rajchman measure, and therefore weak stability is ensured by testing the
unit function only (Proposition 5.3).

The paper is organised into 6 more sections. Basic notation and terminology are
outlined in Section 2. The definitions of weak stability and weak quasistability are
posed and compared in Section 3. Section 4 analyses when a weakly quasistable op-
erator is power bounded. The relation of Rajchman measures with weak stability of
the position operator, which is unitary, is explored in Section 5. Section 6 discusses
the connection of Rajchman measures x and orthonormal bases for L?(T, 11). Section
7 closes the paper by showing that every finite continuous measure over the unit cir-
cle is quasi-Rajchman, which implies weak quasistability for the position operator,
and also characterises non-Rajchman continuous measures.
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2. PRELIMINARIES: NOTATION AND TERMINOLOGY

The following common notation will be adopted throughout the paper. The set
of all integers, the set of all positive integers, the real line, and the complex plane
are denoted by Z, N, R, and C, respectively, as usual. Let D, D™, and T stand for
the open unit disc, the closed unit disc, and the unit circle in C, respectively.

A sequence of positive integers is any N-valued function on N. Regard the set
of all positive integers equipped with its natural well-ordering as the self-indexed
sequence of all positive integers so that N = {n},>1. A subsequence {n;} = {n;};>1
of the positive integers is a strictly increasing (infinite) sequence of positive integers.

We will identify a subsequence of the positive integers (i.e., a strictly increasing
function of N into itself) with its range. So a subsequence of the positive integers
is identified with an infinite, ordered, strictly increasing subset of N. We will use
the same notation, {n;}, for either of them.

A subsequence of the positive integers is nontrivial if there is another (equally in-
finite) subsequence such that they have no common entries. If {n/;} is a subsequence
of a subsequence {n;} of the positive integers, then {n;} is a supersequence of {n’;}.

A subsequence {an,} of an A-valued sequence {a,} (for an arbitrary nonempty
set A) is the restriction of {a,} to a subsequence {n;} of the positive integers.

A subsequence {n;} of the positive integers is of bounded increments (or bounded
gaps) if sup;(n;1—n;) < oo. A subsequence {an,} of {a,} is boundedly spaced if
it is indexed by a subsequence {n;} of bounded increments.

Let X be a normed space and let X* be its dual. An X-valued sequence {z,} is
weakly convergent if there exists an € X' such that lim,, f(x,) = f(z) for every
f € X*; equivalently, such that lim,, f(x,— x) = 0 for every f € X*. In this case the
sequence {x,} is said to converge weakly to the vector x. An alternative and usual
notation for weak convergence that will be used here is z,, = x or x =w-lim,, .

The above definition is standard. Actually, “every normed space has a topology
T [the weak topology on it] such that a sequence in the space converges weakly to
an element of the space if and only if the sequence converges to that element with
respect to 7. For the moment, the statement that a sequence converges weakly to a
certain limit should not be taken to imply anything more than is stated [above]” [16,
p.116]. We will not deal with weak topology techniques here (although the above
definition coincides with convergence in the weak topology in a Hilbert space).

3. WEAK QUASISTABILITY: DEFINITION AND COMPARISON

By an operator on a normed space X we mean a bounded linear (i.e., a continuous
linear) transformation of X into itself. Let B[X] stand for the normed algebra of all

operators on X. The same notation || || will be used for the norm on X and for the
induced uniform norm on B[X]. An operator T is strongly stable if lim,||T"z| = 0
for every z € X (notation: T™ —= O), and uniformly stable if lim,||T"|| = 0 (nota-

tion: T™ = O). An operator T is power bounded if sup,||T™|| <oo; equivalently,
if sup,,||[T"z|| <oo for every = in X by the Banach-Steinhaus Theorem if X is a
Banach space. If X is a Hilbert space, then it will be denoted by H, and T* € B[H]
will stand for the adjoint of T € B[H)].
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Definition 3.1. (a) An operator T € B[X] is weakly stable if, for each z € X,
lim,|f(T"z)| =0 for every f e X™
Notation: w-lim,, 7"z = 0, or T"x - 0, for every x € X; or simply 7™ - O.

(b) Equivalently, an operator T on a normed space X is weakly stable if, for each
vector z € X and every subsequence {n;} of the positive integers,
lim;|f(T™x)| =0 for every f € &A™

(c) A subsequence {n;} of the positive integers is a subsequence of weak stability of
T for z if lim; | f(T™x)| = O for every f. So a weakly stable operator is one for which
every subsequence of the positive integers is of weak stability for every vector .

An operator is weakly quasistable if the limit in Definition 3.1(a) is weakened to
limit inferior.

Definition 3.2. (a) An operator T € B[X] is weakly quasistable if, for each © € X,
liminf,|f(T"z)| =0 for every f e X™
Notation: w-liminf,, T"z = 0 for every z € X.

(b) Equivalently, an operator 7" on a normed space X is weakly quasistable if for
each vector zz € X there exists a subsequence {n;} = {n;(z)} of the positive integers
(that may depend on each x but does not depend on f) for which

lim;|f(T™ x)| =0 for every f e &A™

(¢) So a weakly quasistable operator is an operator T such that, for every x, there is
at least one subsequence {n;} (that may depend on z) of weak stability of T" for z.

Weak quasistability plays an important role in weak l-sequential supercyclicity
[13, Corollaries 4.3 and 4.4].

It is worth noticing that the notion of quasistability has a plain meaning only in
the weak case. In fact, it is easy to see (cf. [14, Propositions 4.1 and 4.2]) that

limsup,, |[T"|| =0 <= lim, ||T"] =0
(i.e., quasistability always coincides with stability for the uniform case) and
if sup,, [|T"|| < 0o, then limsup,, ||T"z|| =0 Vz € X <= lim, ||T"z||=0 Vz € X

(i.e., for power-bounded operators, quasistability coincides with stability for the
strong case). For the weak case the notions are different even for power-bounded
operators [14, Proposition 4.3]. However, if a weakly quasistable operator T is such
that for every z there is a subsequence {n;} of weak stability that is of bounded
increments, then T is weakly stable [14, Theorem 5.3].

Definition 3.3. (a) An operator T € B[X] is homogeneously weakly quasistable if
it is weakly quasistable and there exists a subsequence {n;} of the positive integers
such that, for all vectors z € X,

lim;|f(T™z)] =0 for every f € X™
(b) Equivalently, there is a subsequence of weak stability common to all x € X.

(c) So a homogeneously weakly quasistable is a weakly quasistable operator T" such
that at least one subsequence {n;} of weak stability of T' does not depend on z.
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It is clear that every weakly stable operator is homogeneously weakly quasistable,
and every homogeneously weakly quasistable operator is weakly quasistable. An ex-
ample of a power-bounded operator that is not weakly stable but is homogeneously
weakly quasistable will be presented in Remark 7.4.

Definition 3.4. (a) An operator T on a normed space X is weakly unstable if there
exists an xg € X such that

|fo(T™xg)| /+ 0 as n — oo for some fo € X™
Notation: T" - O.

(b) Equivalently, T € B[X] is weakly unstable if there exists a vector zg € X, a
functional fy € X' and a subsequence {m;} of the positive integers such that

| fo(T™zg)| /0 as j — oo.

(c) A subsequence {m;} of the positive integers is a subsequence of weak instability
of T for some vector xg if it is not a subsequence of weak stability of T" for xy. A
weakly unstable operator is one for which there exists at least one subsequence of
the positive integers that is of weak instability for some vector xg.

REMARK 3.5. The particular case of operators acting on a Hilbert space |.

If {T,,} is a B[X]-valued sequence of operators on a complex inner product space
X with inner product { ; ), then the polarisation identity ensures that

(Thasy) = 1((Tu(x +y); (z +y) — (Tu(z —y); (z —y))
+ i{Tn(z +iy); (z +iy)) — (Tu(z —iy); (v — iy)))
for every z,y € X, which implies that the following assertions are equivalent.
(a) limy, [(Thx;y)| =0 for every z,y € X.
(b) lim, [(Tpz;z)| =0 for every = € X.
uch an equivalence still holds in a real Hilbert space if each T), is self-adjoint.
REMARK 3.6. The particular case of operators acting on a Hilbert space |l.

The Riesz Representation Theorem in a Hilbert space ensures that if H is a Hilbert
space with inner product { ; ), then according to Definitions 3.1 and 3.2, an oper-
ator T on ‘H is weakly stable if and only if

(a) for each z € H, lim, [{T"x;y)| =0 for every y ¢ H (i.e., for every =,y € H).
As we saw in Remark 3.5, if H is a complex Hilbert space, then this is equivalent to
(b) lim,, [{(T"x ; z)| = 0 for every x € H.

Similarly, an operator 1" on a Hilbert H is weakly quasistable if and only if

(c) for each z € H, liminf, [(T"z;y)| =0 for every y € H (i.e., for every z,y € H).
That is, for each z € H, there is a subsequence {n;} of the positive integers such that

(d) lim; [(T™z;y)| =0 for every y € H.

REMARK 3.7. The particular case of operators acting on a Hilbert space Ill.

(a) Weak stability for an operator 7' on a Hilbert space H means that the power
sequence {T"} satisfies the equivalent limiting conditions (a) or (b) in Remark 3.6.
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Strong stability for an operator T on a Hilbert space H means lim,, ||T"z|= 0 for
every x € H, where || || is the norm generated by the inner product { ; ), which
clearly implies (but is not implied by) weak stability. Differently from the strong
stability case, an operator T and its adjoint T are weakly stable together.

(b) For weak quasistability we cannot expect in general a simplified counterpart
with y = z, as in the weak stability case of Remark 3.6(b). The reason is this: for an
arbitrary weakly quasistable operator T, the subsequence {n;} appearing in Remark
3.6(d) may depend on z. Indeed, the polarisation identity displayed in Remark 3.5
only ensures that for each z € H there is a subsequence {n;(z)} such that

(T sy) = LT (@ +y) s (@ +y)) — (T (@) (z —y) 5 (x —y))
+ (T @+ iy) ; (2 +dy)) — (T (@) (x — dy) s (x — iy)))

for every y € H, and the condition lim,, (I™(®)z;z) = 0 for every z € H does not
guarantee that the right-hand side goes to zero for every y € H. For homogeneous
weak stability, however, a simplified counterpart with y = x, as in the weak stability
case of Remark 3.6(b), holds naturally.

4. WEAK QUASISTABILITY AND POWER BOUNDEDNESS

The following examples set a starting point for a discussion on power bounded-
ness and weak quasistability.

ExaMPLE 4.1. A power-bounded, weakly unstable but weakly quasistable operator.

Consider the Foguel operator F = (SO* 5 ) on the direct sum H & H of a separa-

ble infinite-dimensional Hilbert space H with itself. Here S is a unilateral shift of
multiplicity one acting on H that shifts an orthonormal basis {ex}r>¢ for H. The
operator P: H— H is the orthogonal projection onto the closure of the span of
{e;: j € J}, where J is any sparse infinite subset of positive integers with the fol-
lowing property: ifi,j € Jand i < j, then 2i < j (e.g.,J = {j > 1: j =3F; k >0},
the set of all integral powers of 3, is a sample of a sparse set of positive integers
satisfying the above property). The operator F' was the first example of a power-
bounded operator that is not similar to a contraction [6, 7]. Moreover, it is also
known that F' is not weakly stable. Since, for every n > 0,

Fr= (% ) with Py =" $*"TPS' and Py =0,

we get . . .
(FMzsy) = (S*" Moy, y1) + (Pupaza ;1) + (™ o9, )

for every x = (x1,29) € H® H and every y = (y1,42) € H® H. As S and S* are
both weakly stable, it follows that
liminf, |(F"z;y)| =0 <= liminf,|[(P,z3;y1)| = 0.

It was shown in [14, Proposition 4.3] that the power-bounded and weakly unstable
operator F' is weakly quasistable by exhibiting a subsequence {n;} of the positive
integers such that each P, xy is orthogonal to y; for every x9,y; € H, and so
{{Pn,z2;91)} is a null subsequence.

REMARK 4.2. Spectral properties and power boundedness in weak quasistability.

(a) As in the weak stability case, weak quasistability is also preserved under the
adjoint operation. An operator T and its adjoint 17 both acting on a Hilbert space
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'H, are weakly quasistable together because
liminf, [(T"z;y)| = liminf, |{T*"y;x)| for every z,y € H.

(b) Let {op(T),or(T),0c(T)} be the classical partition of the spectrum o(7T) of T
consisting of point spectrum, residual spectrum, and continuous spectrum, respec-
tively. Since T'and T* are weakly quasistable together and og(T) = op(T™*)*\op(T),
with A* denoting the set of all complex conjugates of an arbitrary set A C C, it fol-
lows that lim inf, [(T"z ; y)| = 0 for every z,y € H implies (o0 z(T) Uop(T)) N T = 2.
Thus, as in the case of weak stability,

T is weakly quasistable = o(T)NT C oc(T).

The Gelfand-Beurling formula for the spectral radius shows at once that a power-
bounded operator is such that o(7") C D™. Therefore,

T is weakly quasistable and power bounded = o(T)NT C oc(T) C D™

If an operator T'on a Banach space is power unbounded (i.e., not power bounded),
then there is an g € X’ for which sup,, ||T™z¢|| = co by the Banach—Steinhaus The-
orem. Actually, the Banach—Steinhaus Theorem implies that there is a dense Gg-set
of such points. Being power unbounded, however, is not enough to ensure that there
exists a vector g for which lim,, ||T™z¢| = co. (A detailed discussion along this line
can be found in, e.g., [3, Sections T11.2 and T11.4, pp.48,66].)

For lack of a better name, we call a power unbounded operator T iterated coercive,
or simply coercive for short, if there is a vector x( in the normed space X such that
lim,, || T™ x| = co; otherwise it will be called noncoercive. In any case, if T' is power
unbounded, then for every vector xp such that sup, ||T™zo| =00, there exists a
subsequence {m;} of the positive integers such that lim; |77 || = co, which will
be called a subsequence of coercivity of T" for the vector xg.

Theorem 4.3. A weakly quasistable operator T on a Banach space X is either

(a) power bounded
or
(b1) moncoercive power unbounded.

Moreover, if it is a noncoercive power unbounded operator, then

(ba) for any vector xg € X such that sup,, | T"xo|| = oo, every pair of subsequences,
one of coercivity for xg and the other of weak stability for xq, has a finite set
of common entries.

Proof. First recall that if {z,} is a weakly convergent sequence with entries in a
normed space X, then it is bounded; that is,

T, =z for some z € X = sup,||z,| < cc. (§)
Now let X be a Banach space and let 1" be an operator on X.

(a) The above implication and an application of the Banach—Steinhaus Theorem
ensure the well-known relation:

weak stability implies power boundedness.

Furthermore, there also exist power-bounded weakly quasistable operators that are
not weakly stable (see, e.g., Example 4.1). This settles the power-bounded case.
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(b) Suppose T is not power bounded. Then there exists a vector xg in X for which
sup,, | T"zo|| = co. So there is a subsequence {m;} of the positive integers such that

lim |77 2| = oo. (1)
If T is weakly quasistable, then there also exists a subsequence {n;} such that
Txg — 0
and hence, by (§),
sup, || T x| < oc. (1)

(by) If T'is a coercive power unbounded operator, then we can take a vector zq for
which the subsequence {m;} in (f) may be replaced by the whole sequence {n} of
all positive integers to get

lim,, || T™xo|| = oo,
and so there is no subsequence of the positive integers that does not satisfy the
above limit. Hence the inequality in (1) leads to a contradiction. Consequently, if T’
is weakly quasistable and power unbounded, then it is noncoercive.

(bg) Next suppose T' is a noncoercive power unbounded. If the subsequences {m;}
and {n;} in (t) and () have an infinite set of common pairwise distinct entries,
then there exists a subsequence of the positive integers made of elements from
{m;} N {n;}, which is a subsequence of both {m;} and {n;}. This subsequence of
both {m;} and {n;} leads to another contradiction according to (f) and (). O

REMARK 4.4. Power unbounded weakly quasistable operators.

As is also widely known, if T is a Banach-space operator, then
r(M<l <— T" %0 = T">0 = T"50
= sup,||[T"|| <0 = r(T)<1,

where r(T) stands for the spectral radius of T'. In particular, strong stability implies
weak stability, which in turn implies power boundedness:

lim,||T"z|| =0 Vz e X = VzeX, lim,|f(T"z)|=0 VfeX*
= sup,||T"z|| <o VzeX.

Also, if T' is a power-bounded operator on a normed space X, then strong quasista-
bility coincides with strong stability [14, Proposition 4.2], that is,

sup, ||T7] < co = {limnHT”xH:O VreX <= liminf,||T"z|=0 Yz eX},

differently from the weak case, where there are power-bounded weakly quasistable
operators that are not weakly stable, as we saw in Example 4.1. However, even for
the strong case, the equivalence collapses for a power unbounded operator:

liminf, |T"z|| =0 Vz € X =& sup, ||[T"|| <o & sup,||T"||=00 = T"— O.
Indeed, there exists a diagonal operator T on the Hilbert space Ei with
|T"| = (log n)? YneN and inf,||T"z|| =0 Yz €2

[3, Section IT1.4.A, p.66]. Since T' is power unbounded, it is weakly unstable and so
strongly unstable. Since, for every z € (2 , inf, ||[T"z|| = 0 implies lim inf,, |T"z| =0
(because | T x| < ||T|| || T"z]), we get liminf, |(T"z;y)| = 0 for every z,y € (3
(by the Schwartz inequality). So the operator 7" is power unbounded and strongly
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quasistable and so weakly quasistable. Summing up: (i) for power unbounded op-
erators, strong quasistability does not imply strong stability, and, moreover, (ii)

weak quasistability does not imply power boundedness.
5. RAJCHMAN MEASURES AND WEAK STABILITY

The o-algebra of all Borel subsets of the real line R will be denoted by R. With &
standing for power set, R|o,1)= RN ([0, 1)) denotes the o-algebra of all Borel sub-
sets of the interval [0, 1), and Rr stands for the o-algebra of all Borel subsets of the
unit circle T. All measures in this paper are positive. The terms “absolutely continu-
ous”, “continuous”, “singular”, and “discrete” for a given measure are with respect

to normalised Lebesgue measure on for (or on R|g 1)), unless otherwise stated.

For each integer k € Z, consider the function ey: T — T given by ex(z) = z* for
every z € T. For simplicity, write z* instead of ey, as usual, and let the countable
collection of (trigonometric) functions {ex }rez be written simply as {z*}.

A finite measure u: Rt — R is a Rajchman measure if
/zkdu — 0 as |k|] — o0.
T

The term comes from the pioneering works of Rajchman on this class of measures
(e.g., [19, §5]). Since Borel measures over a compact metric space are regular (see,
e.g., [4, Corollary 10.6]), Rajchman measures are regular because they are finite (and
so Borel) acting over the compact set T. Take the measure 7: ®[o,;) — R induced by
the measure p: T — R via a function v: [0,1) =T, defined by n(A) = u(v(A)) for
every A € R|o,1). Here the function ~ is given by v(a) = e?™e for every a € [0,1),
which is measurable, invertible, with a measurable inverse. The above integral sets
the Fourier transform 77 of 1, namely,

k) = /zkdu(z) :/ >k dn(a) for every k € Z.
T [0,1)

For a survey on Rajchman measures, see [15] (also [10, Chapter IX]). The basic
properties required here are listed below (see, e.g., [15, p.364 and Theorem 3.4]).

Every absolutely continuous finite measure is Rajchman

(in particular, the normalised Lebesgue measure on f7 is Rajchman).
Every Rajchman measure is continuous.
There exist singular Rajchman measures

(and so every singular Rajchman measure is singular-continuous).

That every absolutely continuous finite measure is Rajchman is readily verified
by the Riemann—Lebesgue Lemma and the Radon—Nikodym Theorem. That every
Rajchman measure is continuous is a direct consequence of Neder’s answer [18,
Section 1] to a question posed by Riesz [20, p.315].

The Cantor-Lebesgue measure 79,1y on ®|o,1) is a classical example of a singular-
continuous measure on ¢, 1). This is the Borel-Stieltjes measure on ¢, ;) generated
by the Cantor function associated with the Cantor set in [0, 1]. The Cantor—Lebesgue
measure g, on Y is obtained from 7q1) as py(E) =pon(7Y ' (E)) for E € Ry,
where the transformation v: [0,1) — T was defined above. Thus pup is a singular-
continuous measure on Rt. This, however, is not a Rajchman measure. Indeed, it can
be verified that [ z"du, = [ 2**dpu; (i.e., (k) = 75(3k)) for all k € Z. The first
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example of a singular Rajchman measure is due to Menchoff [17, Lemma p.433 and
Theorem p.435], which is a modification of the Cantor-Lebesgue measure on .

Rajchman measures can be equivalently defined as

/z”d,u—>0 as n — 00
T

with n running over the positive integers. Indeed, [ z"du = [ z7dp = [; z7"dp
for every n € N whenever z € T, so that [;2"dpu— 0 as n— oo implies [ z"dp—0
as |k| — oo, and the reverse implication is trivial.

Let 41 be a finite measure on 1. Consider the Hilbert space L?(T, i) of all com-
plex functions on T that are square-integrable with respect to pu. Let ¢: T — T
denote the identity function (i.e., ¢(z) = z p-a.e. for z € T). Take the multiplica-
tion operator U, , on L?(T, u) induced by the identity function ¢, also referred to
as the position operator [8, p.89], which is defined by

(Up,u¥)(2) = p(2)0(2) = z90(2) p-a.e. for z € T  for every o € L(T, p).

80 (Up,uth)(2) = 20(2) and (U2,,0)(2) = Z6(2) = 2~ 9(2) for every v € L2(T, )
and every z € T. Thus U} U, .= Uy, U; ,= I, and Uy, is unitary on L?(T, ).
From now on, U, , will always denote such a multiplication operator (i.e., the
position operator) on L?(T, i) for some measure g on Rr. With ( ; ) standing for
the inner product in L%(T, 1), we get for every 1, ¢ € L?(T, ) and every k € Z,

Uk v 9) :/Tz’wadu sothat  (UE ,1;1) :/Tzkdu,

as Uy, is invertible. For the second identity, also because the unit function 1: T — T
(i.e., 1(z) = 1 p-a.e. for z € T) lies in L?(T, u) since the measure p is finite.

Before proving the next proposition, we need the following two well-known aux-
iliary results, which will be often required in the sequel.

REMARK 5.1. A standard application of the Stone—Weierstrass Theorem.

Let P(T) denote the set of all polynomials ¢( , ):TxT— C in z and Z (of the form
ZkN,E:O 9, k2=t with zF,z¢ €T and oy, € C.) This is a classical density result:

P(T) is dense in (LP(T, u), || ||p) for every finite measure p in Rr,
and therefore (LP(T, u), || ||p) is separable, for every p > 1.

Indeed, since T is compact in C, the Stone—Weierstrass Theorem ensures that P(T)
is dense in the linear space C(T) of all complex-valued continuous functions on T
equipped with the sup-norm. Thus, since the measure p is finite, P(T) is dense in
C(T) equipped with the norm-p for any p > 1. Also, since on compact metric spaces
Borel measures (in particular, finite measures) are regular, the set C(T) is dense
in (LP(T,w), || ||p) for every p > 1 (see, e.g., [2, Theorem 29.14]). By transitivity,
P(T) is dense in (LP(T, i), | ||p). Therefore, as P(T) is a linear span of a countable
set, (LP(T, ), | |lp) is separable.

REMARK 5.2. A basic change of variables for complex measurable functions.

Let p be a measure on r, and let g be a nonnegative Rr-measurable function on T.
Take the measure 1, on R generated by y via g defined by ny(E) = [ g 9 du for every
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E in R7. Recall the elementary identity [, hgdp= [}, hdn, for every E in Rt and
every nonnegative Rr-measurable function h on T. Also, for an arbitrary C-valued
Rr-measurable function ¢ on T, consider its natural decomposition into nonnegative
parts given by ( = hy — hg + 1 (h3 — hy), where hq, ho, hs, and h4 are nonnegative
Rr-integrable functions on T. So we get the identity for complex functions:

/Q‘gd,u:/ (dng for every E € Rr.
E E

The equivalence between (a) and (e) in Proposition 5.3 below was mentioned in
[1, p.1383] and used in [1, Theorem 5], [12, Proposition 3.3], and [9, Eq. (5.3)].

Proposition 5.3. If u is a finite measure on Rt and U, is the position operator
on L2(T, u), then the following assertions are pairwise equivalent.

a) p is a Rajchman measure.
b) JrzFgdp—0 as |k| — oo for every g€ LP(T, p), for every p>1.
c) sz gdp— 0 as |k| — oo for every g€ LP(T, u), for some p>1.

e) Uy, is weakly stable.
f) U3, ¥;59) —0 as n— oo for an arbitrary ¢ € L°°(T, p) with 0 < [1].

g) <U" 1;1) =0 as n— oo.

(
(
(
(d) sz gdp—0 as |k| — oo for an arbitrary positive g € L (T, p).
(
(
(8) (Ug,ul1;

Proof. (a) = (b). Let ¢ = ZZ@:O ay,2¥27* be an arbitrary polynomial in P(T)
so that sz”q du = ZkN,z:O Ot fT 2" 2% 2=¢du. 1f pu is a Rajchman measure, then

/z”+kfzdu—>0 as n — oo for each k,l € Z.
T

Thus [; z"gdp — 0 for every q € P(T). As we saw in Remark 5.1, P(T) is dense
n (LP(T,p), || |p) for every p>1. Hence limy, [ z"gdu = 0, and since [} zkgdp =
Jr 2% gdu, we get Jr 2*gdu — 0as|k| — oo, for every g € LP(T, ), for every p > 1.

(b) = (c) trivially and (¢) == (d) since L (T, u) C LP(T, u) for p > 1 as p is finite.

(d) = (a). Suppose (d) holds. Take an arbitrary positive g € L*(T, ), and let
g ' = é denote its reciprocal, which is again a positive function in L (T, u), so that
both g and g~ 'lie in LP(T, i) for every p > 1, once y is finite. Since g is positive and
measurable, take the measure 1, on R defined by n,(E) = [ 9 dp for every E in Ry
so that 7, is absolutely continuous with respect to p (i.e., ny < 1) and finite as g lies
in L' (T, p1). Also, by Remark 5.2 with ¢ = 2%, we get [, z*dn, = [}, 2" g dp for every
E € R and k € Z. Hence, with E =T, (d) implies [ z"dn, — 0 as |k| — oo, and
so n, is Rajchman. Applying Remark 5.2 again, now with ¢ =2*g~1, it follows that

/ g7 dn, =/ g gdp =/ 2y (%)
E E E

for every E in Ry and every k in Z. There are two ways to conclude the proof.

Conclusion 1. As n, is Rajchman and g~' € LY(T, u), [; 2"g'dng — 0 as |k| — oo
because (a) = (c). So p is Rajchman by (x) Wlth E =T. Thus (a) holds true.
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Conclusion 2. For k = 0, (x) says that u(E) = [, du = [, g~ 'dn, for every E € Rr,
and so p is absolutely continuous with respect to n, (i.e., p < ny). Since n, is
Rajchman, it follows that p must be Rajchman. (This is a result due to Milicer-
Gruzewska (cf. [15, p.365 (2.1)]). Thus, again, (a) holds true.

(a) = (e). Take an arbitrary ¢ € L?(T, u). Thus || € L'(T, p). If 4 is Rajchman,
then lim,, [; 2"[¢[* dp = 0 since (a) = (b). Equivalently, lim,, [ UZ ,|[4|* dp = 0,
which means lim,, (U7 % ;%) = 0. Since this holds for every ¢ € L?(T, i), and since

L?(T,p) is a complex Hilbert space, it follows that lim, (U ,%;¢) = 0 for every
¥, ¢ € L3(T,u) (cf. Remark 3.6(a,b)); that is, U, is weakly stable.

(e) = (f) since L°°(T, u) C L?(T, 1) because p is finite.
(f) = (a) because (U2 ,¥;¢) = [; 2"|2dp and (d) = (a).

(8) <= (a) as [; z"du = (U2 ,1;1) and 1 € L*(T, u) because p is finite. O

6. RAJCHMAN MEASURES AND TRIGONOMETRIC BASIS
The celebrated Riemann—Lebesgue Lemma says that
Jp ZF(z)dX — 0 as |k| — oo for every ¢ € L*(T,\)
if A is the normalised Lebesgue measure on Rr.

There are different proofs of the Riemann—Lebesgue Lemma. One of them that uses
a bit of operator theory, whose argument is required in the proof of Theorem 6.1
below, is this. As observed in Remark 5.1, since T is compact and X is finite, L?(T, \)
is separable. Take the position operator Uy »on L2(T, ) so that [} 2¥¢(2) dA(z) =
<U!;’/\z/) ; 1), where v and the unit function 1 are in L?(T, \). Recall that (i)

Ais the normalised Lebesgue measure = {2*}is an orthonormal basis for L?(T,\)

(this is a standard result; see, e.g., [8, p.18]), that (ii) if an operator shifts an ortho-
normal basis that runs over Z, then it is a bilateral shift of multiplicity one, and
also that (iii) every bilateral shift on a Hilbert space is weakly stable. Thus, since
Uy, shifts {z*}rez independently of the measure 1 on Rr,

{z*}rez is an orthonormal basis for L?(T, u) = U, , is weakly stable.

Therefore, <U$’/\1,Z); #) — 0 as n — oo for every ¥, ¢ € L?(T,)), and so Jp 2"dA =
(U’;’/\l; 1) — 0 as |k| — oco. This paves the way for the next result.

Theorem 6.1. Let i be a measure on Rr.

(a) If {z*} is an orthonormal basis for L?(T, ), then u is a Rajchman probability
measure.

The converse of (a) fails.

(b) If a probability measure p on Rt is singular-continuous and concentrated on
the first quadrant of T, then {z*} is a set of pairwise nonorthogonal unit
vectors in L*(T, ).

This implies the next result.

(c) There exist Rajchman probability measures i on Rt for which the set {z*}
of unit vectors is not orthogonal in L*(T, ).
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Proof. (a;) With ey (z) = 2% € T for every z € T and {e;} being an orthonormal
set, we get 1 = |lex||? = [} |ex(2)|2du(z) = [; |2*?du(z) = [; dp = p(T) for every k
in Z, so that u is a probability measure.

(ag) Using the preceding argument, we can verify that fT z"dy — 0 as n — oo. In
fact, let Uy, be the position operator on L?(T, u). If {z*} is an orthonormal basis
for L?(T, ), then U, ,, is a bilateral shift (because it shifts this orthonormal basis;
ie., U, e, =exi1). Thus, like every bilateral shift, it is weakly stable, so that
Uz ,151) = [ z"dp — 0 as n — oo. This implies [} z"du — 0 as |k| — co. Since
w is finite by (a), it is a Rajchman measure.

(b) The set {z*} is made up of unit vectors because y is a probability measure. Let
1 be singular with respect to the normalised Lebesgue measure A on R, with
support [u] = C C {z € T: z = €>™ for every o € [0, 1]}. So there exists an Rr-
measurable partition {B,C} of T such that pu(B) = A(C) =0 and A\(T) = A\(B) =
w(C) = u(T) = 1. Hence,

(1) = [ zdutz) = [ zdute =/[0 i),

’4
with n: R[o,1) — [0,1] given by n(A) = pu(y(A)) for every set A € Rjg,;), where
~v:[0,1) — T is the homeomorphism (thus a measurable transformation) of [0,1)
(equipped with the usual metric in R) onto T (equipped with the arc-length metric
in T) defined by v(a) = 2™ for every a € [0, 1). The support of 1 is [] = v~ ([1])
=~"1(C) C o0, %] If p is continuous with respect to A, then 7 is continuous with
respect to the restriction to [0,1) of the Lebesgue measure on R, and therefore
singletons in [0, 4] have n-measure zero. Therefore, since 7 is concentrated on [0, 1],

(z;1) :/ cos(2rar) dn(a) + z/ sin(2ma) dn(a).
(0,3) (0.%)
As the functions cos(2r ) and sin(27 ) are strictly positive everywhere on (0, 1) and
n((0,3)) =n([0,1]) = u(C) =1 > 0, the above integrals are strictly positive. So

(z;1) #0.
A similar argument shows that, for every 0 # k € Z,
ity = [ emedna) 2o
(0,77)

Consider again the position operator U, , on L?(T, ). Since U, is unitary, and so

is UJ ,, we get (z7¢;29¢) = (UJ ,4;UJ ,¢) = (¥;¢) for every ¢, ¢ in L*(T, ),
every j in Z, and every measure g on Rr. Thus, by the above inequality,

(27K 29) £ 0 for every j,k € 7 with k # 0.

(c) As we saw before, there are singular-continuous Rajchman measures on . Thus
there are singular-continuous Rajchman probability measures concentrated on the
first quadrant (compress and rotate its support if necessary). So (b) implies (¢). O

REMARK 6.2. Just orthogonality is lost.

However, the standard application of the Stone—Weierstrass Theorem summarised
in Remark 5.1 says that, for any finite measure g on R, functions on LP(T, 1) are
approximated by the trigonometric polynomials in P(T). In other words, using the
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argument in the proof of Proposition 5.3 (for (a) = (b), and so for (a) => (e)),
for every p>1, \/,cz{2*} = LP(T, 1), where \/, .,{2*} is the closure of the linear
span of {z*} (see, e.g., [5, Theorem 7.2] for the case of Lebesgue measure on Rr).

7. RAJCHMAN MEASURES AND WEAK QUASISTABILITY

We say that a finite measure y on R is quasi- Rajchman if

/z"d,u) =0,
T

which means that there exists a subsequence {n;} of the positive integers such that

/z"-"d,u—>0 as j — oo.
T

liminf‘k|_,oo)/zkdu‘ = 0. Equivalently, liminf,
T

Let u be a finite measure on Rt. The Lebesgue Decomposition Theorem says that

= fat fs,
where u, and p, are the absolutely continuous and the singular parts of u, respec-

tively. Moreover, us can be further decomposed as s = psc+ phsq yielding a refine-
ment of the above decomposition (see, e.g., [11, Corollary 7.14]),

W= fa+ fsct Hsd,

where 5. and psq are the singular-continuous and singular-discrete (or simply dis-
crete) parts of . This is the canonical decomposition of u, where any of theses parts
may be absent. The continuous part p. of p consists of the absolutely continuous
and singular-continuous parts of u:

Pe = Mo+ Hsc-

Recall that every Rajchman measure is continuous. Thus, if a measure on Rt has
a singular-discrete part, then it is not Rajchman. That is,

every singular-discrete measure on fr is not Rajchman.

In other words, for a singular-discrete measure pzq on $r, we have fT 2"dpsq #~ 0 as
n — oo. Then there exists at least one subsequence {m;} of the positive integers for
which fT z™idusq #» 0 as 3 — oo. This is not the case for every subsequence. In fact,

singular-discrete measures on ot may be quasi-Rajchman or not.

The simplest examples are these. Set psq = 01, the Dirac measure at 1 € T, so that
Jp 2"dpsq = 2"y =1 for all n € N, and hence there is no subsequence {n;} for
which lim; [ 2™ dusq = 0. On the other end, set p5q = 61 + 6_1 so that [ 2" dp.q =
2"1 +2"-1 =1+ (—1)" for every n € N, and hence if {n;} is the subsequence of
all odd integers, then fT z"dpsq = 0 for every j € N.

Again, every Rajchman measure is continuous, but the converse fails. As we saw
in Section 5, the Cantor—Lebesgue measure on Rr is singular-continuous but not
Rajchman. A continuous measure, however, is always quasi-Rajchman.

Lemma 7.1. If a finite measure on RNt is continuous, then it is quasi-Rajchman.

Proof. Let p be a finite measure on for. The Wiener characterisation [21, Eq.(31)
p.81] of continuous measures (see also, e.g., [15, p.365]) says that u is continuous
if and only if the following mean of bounded summands goes to zero:
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. . 1 £
& is continuous < mzmgk‘ /EZ du‘ — 0 as |k| — oo,
that is, ﬁ ()fT du‘ +> 0 ‘fT zld,u) +> 0 )fT EZdMD — 0 as n — oo. Therefore,

: : 1 " )
W 1s continuous <= mZz:1) Tzd,u) — 0 as n — oo,

since | [ dp| = [ dp = p(T). If 11 is not quasi-Rajchman, then liminf, | [;z"du| >0,
which means that there is an £ >0 and a positive integer £, such that |f11‘ zld,u} >e
for every £ > (.. Hence, for n > £,

1 " o | _ 1 b ¢ n ¢
2”+1Zz:1‘/mzd’u)_2"“ Zf)/ZdM)+szz+1)/TZdu))
¢ +Le L. 1
2n+1 - 1’/ d:“’ + 2ntTE 2 2n3i€ > 56

so that u is not continuous. Thus if y is continuous, then it is quasi-Rajchman. O

>

The Cantor—Lebesgue measure on Rt, which is singular-continuous and was
shown in Section 5 not to be Rajchman, is quasi-Rajchman by Lemma 7.1.

Since a measure is continuous if and only if it has no singular-discrete part in its
canonical decomposition, an immediate consequence of Lemma 7.1 reads as follows.

Corollary 7.2. If a finite measure . on Rr has no singular-discrete part, then it
s quasi-Rajchman.
The converse fails: as we have seen before, there are singular-discrete finite meas-

ures i on R for which limjfT z"idn = 0 for some subsequence {n;}.

Proposition 5.3 shows that U, , is weakly stable if and only if the measure u on
R is a Rajchman measure. Thus, if 1 is absolutely continuous, then U, , is weakly
stable. The next result establishes a counterpart for continuous measures.

Theorem 7.3. If a finite measure p on Rt is continuous, then the position operator
Ug,u on L2(T, i) is weakly quasistable.

Proof. Let u be a finite continuous measure on R, take a measurable nonnegative
function g on T, and consider the measure n, on Rt given by ny(E) = [ & gdpu for
E € Rr. Thus 7, is absolutely continuous with respect to p. So 74 is continuous with
respect to Lebesgue measure on R because p is. Also, suppose the nonnegative
function g lies in L'(T, ). Then 7, is finite. Hence, according to Lemma 7.1,

7g is quasi-Rajchman. (%)

Moreover, for an arbitrary C-valued measurable function ¢, we get (cf. Remark 5.2)

Angu=ACdng- ()

By (x), there is a subsequence {n;} for which lim; [ 2™ dng = 0, and so by (sx)

/z"»”gduz/z"»”dng—>0 as j — oo.
T T

Since this holds for an arbitrary nonnegative function g in L'(T, ), take an arbi-
trary function ¢ in L?(T, u) so that |+|? is a nonnegative function in L' (T, ). Then
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(U ) = () :/Tz"Jdeo as j— oo forevery v € LA(T, u).

Since L%(T, p1) is a complex Hilbert space, Remark 3.5 ensures that
(Ugi¥;¢0) — 0 as j— oo forevery ,¢¢€ L3(T, ). O

REMARK 7.4. A weakly quasistable operator with a common weak stability subsequence.

A weakly unstable operator that is weakly quasistable was exhibited in Example 4.1.
Theorem 7.3 ensures the existence of a special class of such operators, namely,

weakly unstable unitary operators that are homogeneously weakly quasistable.

Indeed, for the position operator Uy, considered in the proof of Theorem 7.3, weak
quasistability is achieved with a subsequence {n;} that depends only on the fact
that p is continuous according to Lemma 7.1. Also, the proof of Lemma 7.1 does not
specify a subsequence {n;} ensuring that u is quasi-Rajchman. Thus, that subse-
quence {n;} of weak stability for Uy, , in the proof of Theorem 7.3 does not depend
on the function g, and so it does not depend on the function . Then the same {n;}
is a subsequence of weak stability of all 1. This holds in contrast to the general
case of Remark 3.7(b). In other words, and according to Definition 3.3,

the position operator U, , for a finite non-Rajchman continuous measure
w (in particular, if p is not absolutely continuous) is unitary (so power
bounded) and homogeneously weakly quasistable but not weakly stable.

We close the paper by giving a characterisation for non-Rajchman measures or,
equivalently, for weakly unstable position operators.

Corollary 7.5. Let p be a finite continuous measure on Rr. If u is not Rajchman,
then there exists a nontrivial subsequence {m;} of the positive integers and a sub-
sequence {n;} of {m;} such that

/szduﬁo as j — oo but limj/z"jd,u:().
T T

Proof. If a finite measure on Rt is not Rajchman, then fT 2"dp /0 as n — 00. So
there is a subsequence {m’;} of the positive integers for which

/zm{"d,uﬁo as j — oo.
T

According to Lemma 7.1, p is quasi-Rajchman. So there is a subsequence {n;} of
the positive integers for which {n;} and all its subsequences are such that

/z”jdu—>0 as j — oo.
T

(a) Now identify the subsequences {m’;} and {n;} of the positive integers with
subsets of N. Consider the subset {m/;}U{n;} of N made up of all elements from
{m/;} and {n;}. As a union of sets, the possibly common elements from {m/;} and
{n;} appear only once in {m/;}U{n;}. Let this set be properly ordered so as to make
it strictly increasing, and identify it with a subsequence of the positive integers, say
{m;}. Thus {m;} is a supersequence of both {m’;} and {n;} and so

/szd,uﬁo as j — oo.
T
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(b) If {m’;}U{n;} is nontrivial, we are done. If not, we can make it nontrivial as
follows. First recall that an arbitrary subsequence of the positive integers is non-
trivial if and only if its complement in N is another (infinite) subsequence. Thus
the subsequence {n;} is certainly nontrivial; otherwise, u would be Rajchman.
Thus there exists a pair of complementary subsequences of {n;}, say, {n/;} and
{n'}}, both nontrivial with {n/;} U {n'j} = {n,} and {n’;} N {n';} = @, such that
Jp2"idp — 0 and [z"% dp — 0 as j — co. Then {m/;}U{n/;} is nontrivial, and the
argument in item (a) holds for {n;} replaced with {n’}. O

Nontriviality for the sequence {m;} and the fact that {n;} is a subsequence of
it are crucial in the above result, as well as in the next one. Corollary 7.5 can be

rephrased in terms of the position operator Uy, , on L?(T, 1) according to Proposi-
tion 5.3(a,e) and Theorem 7.3, as follows.

Corollary 7.6. Let 1 be a finite continuous measure on Rr. If the position operator
Ug,u on L?(T, 1) is weakly unstable, then there exists a nontrivial subsequence {m}
of the positive integers and a subsequence {n;} of {m;} such that

Ugti =0 for some ¢ € L3(T,u) but Ugip == 0 for every 1 € L3(T, ).

K
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